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Ensemble Systems

Population systems consisting of a large number of
structurally similar dynamic units

Finitely or infinitely many

Isolated or interconnected agents



Large-Scale Dynamic Populations

(Image credits: Jakob Schiller)
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Large Scale Dynamlc Networks
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Quantum networks
(Source: QuTech)

Social networks



Population Data

A clock in a dish: The SCN in vitro
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Qutline

p Distributional control of ensemble systems

» Distributional information inherent in aggregated
measurements

» Controlling output measures induced by aggregated
measurements

p Dual representations generated by moment
kernelization

p Link of ensemble control with optimal
transport

p Distributional control on fibre space

p Ensemble control systems and representation
learning



Control of Ensemble Systems

p Ensemble system
F(Q, M)

—(1,f) = F(1,B,x(t,p),u(t)), pe€QcR?

X0

xt,p)e M CcR", u(r) eR™ QQ is compact
(t.P) ) R x,=x(t,-) e FEOQ,M)

x,:Q->M
p Aggregated measurements
Y, = y(€) = h o x,(L2) Yy ~ H; Probability measure
={yeR":y=h(x(t, ), € Q} y = h(x,(B)




Control of Ensemble Distributions

p Shaping ensemble “distributions”

%x(t, B) = F(t,B.x(t, f), u(r)), p€QcCR
Y, = y(€2) = h o x(€2)

x(t, py)

Hy

u(t)



Distributional Control of Ensembles
p A pedagogic example

d
Ex(t, p) =pxt,p)+u@®), Pe[01], x(t,pHeR

YP) = h(x(p)) = 1 (1) : iig ; 8 Y, =1{0,1} 1%/
x(B)
» x(f)=p-a, u@)=0 /;@;o
x(f) = e"xy(B) {;(:) Z 2 ZCS 0 a 1 >/
Vi = L1
(il =1-a

y, ~ u, : Bernoulli(a)



Distributional Control of Ensembles

p Mathematical formalism

x,(f)
x>0 Q =1[0,1]
Vi = 1
v u({0}) = A
0 a 1 u({1}) = A

Y,=1{0,1}, y, = l[a,l]

, /A Lebesgue measure

0,a)) = 4y, 1(0)) = ((v)sd)({0})

a,1]) = A0y, (1) = ((ed) ({1}

f),

| dA

0..:,3 .3..5. lut — (.ﬁyl‘)-l"-'lf/1

TVl @ u(B) = Ay \(B))

| pdu=| pova
R Q



Distributional Control of Ensembles

%x’(ﬁ ) = px(B) +u(), f€l0,1] xo(f) = —0.5
YAP) = hx(t. ) u(t) = — sin(f)cos(?)
x1(P)

0 " 1



Distributional Control via Optimal Transport

petrea.,

WL 4 ‘? o Aggregated measurements

d
- x(t, B) = F(t, B, x(t, ), u(t))

Y, = y(Q) = hox(Q) Ho e~ M
He = (yt)#/1 Output distribution

| (Pattern)
Ensemble ’ Obptimal 4& ' |
~—— P & ' ki
control transport
Ho

Hq



Time-Dependent Optimal Transport

p Displacement interpolation (Dl)

~ min [ (v, D))o (y)
(I)ZRFQRF Rr

" S’t° //ll — ®#ﬂ0
Interpolating (u, 1)

min [ C(®,(3) g ()
{(Dt:Rr_)Rr}Ogtgl R

st. Dy=1, (Dupy =1y

k= ((1 =0l + 1D) ypg




Optimal Transport for Ensemble Control

p Distributional control as a tracking problem

%x(t, p) = F(t, p, x(¢, B), u(t)) Ensemble distribution
Y, = y(Q) = h o x(Q) Hy = (V)gh

p Steering output distributions

ko,
U time-dependent OT Moment

kernelization

‘-a."‘.\ //t
1
controlled transport trajectory #

~ wE = ((1 = DI+ 1D)yu,



Moment Kernel

M
Po(R) /\
i 1
(0 = - Iw yedu () m(z) ®
Ensemble distributions Moment space
W= (Vah, Y, =hox, m(t) : N - R

) k-th ensemble output moment
() = (@ Hy)>  {p} e dual set of a basis of P (R")

» Reproducing kernel induced by the moment transform

H N XN = R, (i) = ki) = (k, k)



Moment Kernelization

p Moment transform

du(y) = f(y)dy

| y2
f(y) = e 27
\/ 202

Probability measure

d
Ex(t, ﬂ) — F(t, IB, X(t, ,B), M(t))

Y, =y/(), pu, = )ut

Moment sequence

m(t) = | yrdu(y)
JRr

m(®) = (M) ren



Moment Kernelized Ensemble control

» Ensemble control as time-dependent optimal transport

d
— x(t, B) = F(t, B, x(t, B), u(t))

d _
Y, = (@) = hox(Q) —-m(t) = F(t, m(®), u(®))

!‘ }

B %
K . * 1 e
m*(0) = i) m*(1) = |

i m(1) = [ yedu*(y) L
Q

im*(t) — F*(t, m*(1)) - Tracking i (6) = E(t, m(t), u*(©))
dt m(t) ~ m*(¢) . dtm B

OT dynamics in
moment coordinates Controlled moment system



Moment Kernelized Ensemble control

p Transport from a square to a triangle wave

d g
—x(t, ) = Px(t, ) + ), B uo
i=1

y(p) = h(x(x)) = x(f) pel01]

Hy

Controlled distributions

c u (1)

d
—m(f) = f) +
7 D = My (1) §k+i

Output moment dynamics
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(1)

(1\
1 7

H=| yd
mk() [Oy /’lt(y) m(T)= ;3
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L (t) = jol k((1 =Dy + 1@,(»)) (@, (y) — y)dy

OT moment dynamics
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Moment Kernelized Ensemble control

d Zo
—x(t, ) = Bx(t, ) + ), B uo
i=1

p: number of inputs
g: order of moments

yr(ﬁ) — h(Xt(X)) — Xt(ﬁ)

— Ensemble

0 0.2 0.4 0.6 0.8



Infinite Networks

arbitrarily large

N — o©

(Infinite network)



Infinite Dynamic Networks

p Integral-differential system representation

d I <
—x(0) = fillx(0) + = ) (%0 = x,(0))
d Node dynamics N le ]

Diffusive coupling

N — o

) |
—a(t.p) = [(B.xt.p) + | (2t ) = x(t.5))dp

Q

peQCR, |Q|=1



Infinite Dynamic Networks

p Moment kernelized infinite network

y .
Ex(t, p) =f(B,x(t,p)) + (x(t, p) — x(t, ﬁ))dﬁ/

JQ

. m(1) = (Zx)(1)

d _
—my (1) = fi(m(7)) + [Ckmo(f) — mk(f)]

dt
O o ~ O
o e O
Infinite network Star network

(all-to-all coupled) (truncatable)



Synchronization Pattern Formation
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Geometry of Distributional Control
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