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Identification of Bifurcations via Cellular Sheaf Cohomology



Global dynamics has an algebraic structure.


Attractors form an order-theoretic lattice.   


This structure forms a sheaf over a parametrized family of systems.


Sheaf cohomology can detect bifurcation.


Efficient, applicable computational frameworks can be built from 

combinatorial and topological tools.

Plan:

 for  
ϕ : X × 𝕋+ → X 𝕋 = ℝ or ℤ

ϕ(x,0) = x and ϕ(x, s + t) = ϕ(ϕ(x, s), t) for all x ∈ X and t, s ≥ 0.



The set of all attractors  is a bounded, distributive lattice: 
 and .

𝖠𝗍𝗍(ϕ)
A ∨ A′￼ = A ∪ A′￼ A ∧ A′￼ = ω(A ∩ A′￼)
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!(U) =
\

t>0

cl (�(U, [t,1)))

Attractors

 is an attractor if  for some attracting neighborhood.A ⊂ X A = ω(U)

 is an attracting neighborhood if  for all .U ⊂ X ϕ(cl U, t) ⊂ int(U) t ≥ t0 > 0

 is a surjective homomorphism.ω : (𝖠𝖭𝖻𝗁𝖽(ϕ), ∪ , ∩ ) → (𝖠𝗍𝗍(ϕ), ∨ , ∧ )
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Λ

X

(Kalies, Mischaikow, VanderVorst 2013)



Via Birkhoff’s theorem, a finite sublattice of attractors is dual to a poset of invariant sets 
called a Morse decomposition. (Kalies, Mischaikow, VanderVorst 2021)

Morse decompositions

All recurrent dynamics is contained in the Morse sets, ie. the system is gradient-like 
outside of the Morse sets. The connecting orbits respect the order on the Morse sets.
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𝖩

𝖮

 is realized by 𝖩
A ↦ A ∩ Inv(pred(A)c)



• Multivalued map  directed graph  on a finite cell complex .


•  is an outer approximation of  on the realization  if


•                                                   

∼ ℱ : 𝒳top ⇉ 𝒳top 𝒳

ℱ f : X → X X = |𝒳 |

f( |ξ | ) ⊂ int |ℱ(ξ) |  for all ξ ∈ 𝒳 .

Combinatorial dynamics

Recurrent components: poset  of maximal subgraphs 
for which every vertex is reachable from every other vertex 
and contains at least one edge

𝖱𝖢

For an outer approximation:  the (chain-) recurrent set of  
is contained in the realization        is gradient-
like on .

f
| ∪𝖱𝖢 R | ⇔ f

| ∪𝖱𝖢 R |c



• Morse graph:  is the Hasse diagram of .


• Attractor lattice:  is the finite, distributive lattice of downsets in  of . 
 iff .


• Translation to classical dynamics: for an outer approximation  of ,


• The maximal invariant sets inside the realizations of elements in  form a 
Morse decomposition for .


• The maximal invariant sets inside the realizations of elements in  form a 
finite sublattice of attractors for .


• NOTE: a multivalued map  is an outer approximation for an infinite family of maps. 

𝖬𝖦(ℱ) 𝖱𝖢

𝖠𝗍𝗍(ℱ) 𝒳 𝖱𝖢
𝒜 ∈ 𝖠𝗍𝗍(ℱ) ℱ(𝒜) = 𝒜

ℱ f
𝖬𝖦(ℱ)

f
𝖠𝗍𝗍(ℱ)

f

ℱ

Combinatorial order theory  (Kalies, Mischaikow and VanderVorst 2021)
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Example



• Extend  to  inductively and define


• The Conley index of the pair of attractors  is the shift equivalence class of 
, which is well-defined if  for all .


• This agrees with the classical definition when  is an outer approximation.  


• Nontrivial Conley index  existence of a nonempty, isolated invariant set.


• Algebraic topology in the form of homology is sufficiently powerful to allow us to obtain many 
qualitative results of interest for applications from purely combinatorial information.

ℱ : 𝒳top ⇉ 𝒳top ℱ : 𝒳 ⇉ 𝒳

𝒜0 ⊂ 𝒜1
ℱ* : H*(𝒜1, 𝒜0) → H*(𝒜1, 𝒜0) H̄*(ξ) = 0 ξ ∈ 𝒳

ℱ

⇒

Homological dynamics and the Conley index

Homological Conley Index

+


something

Classical Dynamical 

Systems 


Information
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• R6 contains a fixed point


• R5 has trivial index*


• R4 contains a period-3 orbit


• R3 has trivial index


• R2 contains an attractor with 
chaotic dynamics


• R1 contains a nontrivial 
attractor


• Multistability 

Morse Decomposition

Conley-Morse Graph



Global dynamics has an algebraic structure.


Attractors form an order-theoretic lattice.   


This structure forms a sheaf over a parametrized family of systems.


Sheaf cohomology can detect bifurcation.


Efficient, applicable computational frameworks can be built from 

combinatorial and topological tools.

Plan:



Dynamic Signatures Generated by Regulatory Networks 

6 1. INTRODUCTION

Figure 3. Phase portraits and geometric realizations for system
for system (1.2) at parameter values given in Table 1.

1

2

(a) DSGRN Network.

Parameter node 974
x1 : p0, p1 < �1✓1,1 < �1✓2,1 < p2, p3
x2 : p0, p2 < �2✓2,2 < �2✓2,1 < p1, p3

Parameter node 975
x1 : p0 < �1✓1,1 < p1 < �1✓2,1 < p2, p3
x2 : p0, p2 < �2✓2,2 < �2✓2,1 < p1, p3

Parameter node 1054
x1 : p0, p1 < �1✓1,1 < �1✓2,1 < p2, p3
x2 : p0 < �2✓2,2 < p2 < �2✓2,1 < p1, p3

(b) Inequalities defining parameter regions 974, 975, and 1054.

Figure 4. DSGRN Network and inequalities defining parameter
regions in the parameter graph of the network, where the input

polynomials pj are given by p0 = `1,1`1,2, p1 = u1,1`1,2, p2 =
`1,1u1,2, and p3 = u1,1u1,2 for node x1 and p0 = `2,1`2,2, p1 =
u2,1`2,2, p2 = `2,1u2,2, and p3 = u2,1u2,2 for node x2.

Step 3: Using analysis embed the combinatorial model into a continuous
setting in such a way that the algebraic topological invariants are pre-
served.

Step 4: Check that the algebraic topological invariants associated with em-
bedding constructed in step 3 are still valid for the original ODE of inter-
est.

With regard to Step 1, observe that the network of Figure 4(A) provides
a simple caricature of the interactions between variables in the ODE (1.2). In
particular, the directed edges 1 a 1 and 2 a 1 are associated with the fact that ẋ1

is monotone decreasing as a function of x1 and x2, respectively. Similarly, 1 a 2
and 2 a 2 indicates that ẋ2 is monotone decreasing as a function of x1 and x2,
respectively.

The model ODE (1.2) is clearly parameterized, thus the associated combina-
torial model should also be parameter dependent. The parameterization of the
combinatorial model is based on the assumption that each node n (associated to
a real variable xn) has a decay rate �n > 0, that there is a minimal `n,m > 0 and
maximal un,m e↵ect of xm on the growth rate of xn, and a threshold ✓m,n at which

10 1. INTRODUCTION

to perturbation [1]. Thus, any information about the ramp system is immediately
applicable to any ODE su�ciently close in the C0 topology to the ramp system.
We are after a stronger result since we do not a priori know that the ODE (1.5) is
su�ciently close to the ramp system whose parameter value lies in the region given
by the parameter node 974 in Figure 4 (B).

Our embedding of the Janus complex into phase space explicitly depends on
particular perturbations of the ramp system. We can use this information to nu-
merically identify the above mentioned boundaries of appropriate cells and then
numerically check that the vector field for the ODE of interest is transverse to
these boundary regions. In particular, piecewise linear approximation of the nu-
merical images of the embeddings for the ramp systems chosen to study the ODE
(1.5) at parameter values given in Table 1 and s = 10 are shown in Figure 5. Nu-
merically, these piecewise linear curves are transverse to the vector of the ODE
(1.5) and therefore the conclusions R1, R2, and R3 are valid for the ODE (1.5).

<<COMMENT>> KM: should return to this remark in next section

after we have introduced the transversality theorem.!!

Figure 5. Phase portrait and geometric realization for system
(1.5) at parameter values given by the parameter set 1 in Table 1
and s = 10.

ℓ

u

θ − h θ + h

Ramp
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Ovol2

miR34aZeb1

miR200 Snail1

TGFb

Figure 1. Regulatory network for reversible epithelial-to-
mesenchymal transition as proposed by [20, Figure 2]. Pointed
edges represent activation while dull edges represent repression.

monograph details the mathematical theory and algorithms that allow us to pass
from the input data of Figure 4 to the combinatorial/homological information of
Figure 2.

Figure 3 shows “corresponding” phase portraits that are generated by the fol-
lowing system of two-dimensional ODEs:

(1.2)
ẋ1 = ��1x1 + r1,1(x1)r1,2(x2)

ẋ2 = ��2x2 + r2,1(x1)r2,2(x2),

where

(1.3) ri,j(x) =

8
><

>:

⌫i,j,1, if x < ✓i,j � hi,j

Li,j(x), if ✓i,j � hi,j  x  ✓i,j + hi,j

⌫i,j,2, if x > ✓i,j + hi,j

and Li,j(x) =
⌫i,j,2 � ⌫i,j,1

2hi,j
(x� ✓i,j)+

⌫i,j,1 + ⌫i,j,2
2

, at the sets of parameter values

given in Table 1. Part 3 of this monograph explains why (1.2) can be associated
to the regulatory network of Figure 4. Furthermore, it provides an explicit map-
ping from the cubical cell complexes of Figure 2 (A)-(C) to the phase portraits of
Figure 3, and it provides analytic proofs that the combinatorial/homological infor-
mation of Figure 2 provide valid information concerning the dynamics of (1.2).

We hasten to add that most of our results are dimension independent and we
consider explicit higher dimensional examples in Chapter 16.

Because it may appear to be counter intuitive, we re-iterate that the results for
system (1.2) shown in Figure 3 are obtained from our analysis of the dynamics of the
regulatory network shown in Figure 4 (A). This is in line with our perspective that
trying to directly analyze the global dynamics of an ODE is too di�cult. Instead
we propose the following pipeline.
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(a) Combinatorial model for

parameter node 974.

(b) Combinatorial model for

node 975.

(c) Combinatorial model for

node 1054.

(d) Conley-Morse Graph for

node 974.

(e) Conley-Morse Graph for

node 975.

(f) Conley-Morse Graph for

node 1054.

Figure 2. Combinatorial models for the indicated parameter
nodes (A)-(C), and the corresponding Morse graphs (D)-(F).

Parameter set 1 Parameter set 2 Parameter set 3

⌫1,1,1 = 3.7, ⌫1,1,2 = 1.4

⌫1,2,1 = 10.7, ⌫1,2,2 = 0.1

⌫2,1,1 = 9.2, ⌫2,1,2 = 0.2

⌫2,2,1 = 6.2, ⌫2,2,2 = 1.4

✓1,1 = 6.4, ✓1,2 = 5.6

✓2,1 = 11.1, ✓2,2 = 1.8

h1,1 = 0.3, h1,2 = 0.35

h2,1 = 0.6, h2,2 = 0.3

�1 = 1, �2 = 1

⌫1,1,1 = 6.5, ⌫1,1,2 = 4.2

⌫1,2,1 = 7.6, ⌫1,2,2 = 1.7

⌫2,1,1 = 4.7, ⌫2,1,2 = 0.6

⌫2,2,1 = 5.2, ⌫2,2,2 = 2.6

✓1,1 = 10.3, ✓1,2 = 8.5

✓2,1 = 28.2, ✓2,2 = 5.7

h1,1 = 0.5, h1,2 = 0.5

h2,1 = 0.5, h2,2 = 0.5

�1 = 1, �2 = 1

⌫1,1,1 = 7.2, ⌫1,1,2 = 5

⌫1,2,1 = 3, ⌫1,2,2 = 0.4

⌫2,1,1 = 5.5, ⌫2,1,2 = 1
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Step 1: Consider a simpler problem that can be represented using a com-
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a: identify the global structure of the dynamics, and
b: compute algebraic topological invariants that imply the existence of

dynamics.

DSGRN creates a database of 1600 
semi-algebraic sets that partition 
parameter space organized in a graph 
based on codimension-1 boundaries.

Mischaikow, Gameiro, et.al.
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Ovol2

miR34aZeb1

miR200 Snail1

TGFb

Figure 1. Regulatory network for reversible epithelial-to-
mesenchymal transition as proposed by [20, Figure 2]. Pointed
edges represent activation while dull edges represent repression.

monograph details the mathematical theory and algorithms that allow us to pass
from the input data of Figure 4 to the combinatorial/homological information of
Figure 2.

Figure 3 shows “corresponding” phase portraits that are generated by the fol-
lowing system of two-dimensional ODEs:

(1.2)
ẋ1 = ��1x1 + r1,1(x1)r1,2(x2)

ẋ2 = ��2x2 + r2,1(x1)r2,2(x2),

where

(1.3) ri,j(x) =

8
><

>:

⌫i,j,1, if x < ✓i,j � hi,j

Li,j(x), if ✓i,j � hi,j  x  ✓i,j + hi,j

⌫i,j,2, if x > ✓i,j + hi,j

and Li,j(x) =
⌫i,j,2 � ⌫i,j,1

2hi,j
(x� ✓i,j)+

⌫i,j,1 + ⌫i,j,2
2

, at the sets of parameter values

given in Table 1. Part 3 of this monograph explains why (1.2) can be associated
to the regulatory network of Figure 4. Furthermore, it provides an explicit map-
ping from the cubical cell complexes of Figure 2 (A)-(C) to the phase portraits of
Figure 3, and it provides analytic proofs that the combinatorial/homological infor-
mation of Figure 2 provide valid information concerning the dynamics of (1.2).

We hasten to add that most of our results are dimension independent and we
consider explicit higher dimensional examples in Chapter 16.

Because it may appear to be counter intuitive, we re-iterate that the results for
system (1.2) shown in Figure 3 are obtained from our analysis of the dynamics of the
regulatory network shown in Figure 4 (A). This is in line with our perspective that
trying to directly analyze the global dynamics of an ODE is too di�cult. Instead
we propose the following pipeline.

Nonlinearities?

Sigmoid: Hill, tanh, arctan, …
Step



Global dynamics has an algebraic structure.


Attractors form an order-theoretic lattice.   


This structure forms a sheaf over a parametrized family of systems.


Sheaf cohomology can detect bifurcation.


Efficient, applicable computational frameworks can be built from 

combinatorial and topological tools.

Plan:



Sheaves

• Sheaves attach data to the topology of a space in a consistent way.


• A sheaf  over a topological space  assigns data  to each open set 
, and assigns to each inclusion of open sets   a restriction map 

 such that  and  for .

𝒮 Λ 𝒮(U)
U ⊂ Λ U ⊂ V
ρU⊂V : 𝒮(V) → 𝒮(U) ρU⊂U = idU ρU⊂V ∘ ρV⊂W = ρU⊂W U ⊂ V ⊂ W

-5 -4 -3 -2 -1 0 1 2 3 4 5
-5

-4

-3

-2

-1

0

1

2

3

4

5

• Why do attractors have a sheaf structure? 


• Given  there is an attracting neighborhood  
for , and attracting neighborhoods are robust, ie. 

 is an attracting neighborhood for all  near .


• NOTE: Attractors are not robust!

(ϕ, A) N
A

N ψ ϕ



Attractor sheaves   (Dowling, Kalies, VanderVorst 2023)

 are functors.


  is a natural transformation. 


Attractors form a -valued sheaf. 

𝖠𝖭𝖻𝗁𝖽, 𝖠𝗍𝗍 : DS → BDLat

ω : 𝖠𝖭𝖻𝗁𝖽 → 𝖠𝗍𝗍

BDLat

 with the appropriate 
topology is an etale space (  sheaf).


 is a local homeomorphism .

Π[𝖠𝗍𝗍] = {(ϕ, A) | A ∈ 𝖠𝗍𝗍(ϕ)}

(ϕ, A) ↦ ϕ π : Π[𝖠𝗍𝗍] → DS Λ

X

For parametrized family  over , .ϕ* Λ ϕ−1
* Π[𝖠𝗍𝗍] = {(λ, ϕλ, A) | A ∈ 𝖠𝗍𝗍(ϕλ)}

Conjugacy Invariance Theorem: Let  be compact metric spaces. Let  be 
families of dynamical systems on  respectively, parametrized over . If  are conjugate, then 

 and  are homeomorphic.

X, Y ϕ*, ψ* : Λ → DS
X, Y Λ ϕ*, ψ*

ϕ−1
* Π[𝖠𝗍𝗍] ψ−1

* Π[𝖠𝗍𝗍]



Λ

X

Attractor sheaf cohomology

Three technical issues: 

[1] Etale space to sheaf:   .


A section is a continuous map  on an 
open set  such that . 





Global sections: .




[2] Sheaf cohomology requires a sheaf with values 
in an abelian category.   is not abelian.







[3] What is sheaf cohomology exactly?

Π[𝖠𝗍𝗍] 𝒮𝖠𝗍𝗍

σ : U → Π[𝖠𝗍𝗍]
U π ∘ σ = idU

𝒮𝖠𝗍𝗍(U) = {sections σ : U → Π[𝖠𝗍𝗍]}
σ : Λ → Π[𝖠𝗍𝗍]

BDLat
BDLat → BoolAlg → BoolRing

Sheaf cohomology is a tool that characterizes obstructions 
for local sections to lift to global sections  bifurcation!

Stalks



Global dynamics has an algebraic structure.


Attractors form an order-theoretic lattice.   


This structure forms a sheaf over a parametrized family of systems.


Sheaf cohomology can detect bifurcation.


Efficient, applicable computational frameworks can be built from 

combinatorial and topological tools.

Plan:



Cellular sheaves 
• Given a cell complex , let  denote the face poset of . Then a cellular sheaf with 

values in a category  is a functor . 


• For each cell ,  assigns an object , the stalk over .


• For pairs , ie.  is a face of ,  gives restriction maps  so that for 
,   and  .


• Sheaf over topological space + (locally) finite collection of open sets  cellular sheaf with 
the nerve as the cell complex.


• Cellular sheaf cohomology is computed using Cech cohomology with  coefficients.  


• (Ghrist and Riess 2022)


• Convergence theorems for attractor sheaves (Dowling 2023)

𝒳 𝖥𝖯(𝒳) 𝒳
𝖢 𝖥 : 𝖥𝖯(𝒳) → 𝖢

σ ∈ 𝒳 𝖥 𝖥σ ∈ 𝖢 σ

σ ⪯ τ σ τ 𝖥 𝖥σ⪯τ : 𝖥σ → 𝖥τ
ρ ⪯ σ ⪯ τ 𝖥σ⪯σ = id𝖥σ

𝖥σ⪯τ ∘ 𝖥ρ⪯σ = 𝖥ρ⪯τ

ℤ2



K.A. Dowling, W.D. Kalies and R.C.A.M. Vandervorst Journal of Differential Equations 367 (2023) 124–198

Fig. 8. Diagram of sections and restriction maps for the saddle-node bifurcation’s attractor lattice sheaf. Join-irreducible 
elements are highlighted in purple. This example shows restriction maps can fail to be injective or surjective.

One can explicitly calculate the join-irreducible elements of !(ψ−1
∗ S Att):

s1 : λ !" (λ,ψ∗(λ), {−∞}), s2 : λ !"

{
(λ,ψ∗(λ), {−∞}) λ < λ0

(λ,ψ∗(λ), [−∞, xλ]) λ ! λ0
,

s3 : λ !" (λ,ψ∗(λ),X).

As with the pitchfork bifurcation, embedding these into !(Aψ∗) via l yields the canonical 
basis B#, cf. Section 9.

Proposition 10.10. Let #′ = [a, ∞). If a > 0, then Hk(#, #′; Aψ∗) ∼= Z2 for k = 1, and van-
ishes otherwise. When a " 0, then Hk(#, #′; Aψ∗) = 0 for all k.

Proof. Lemma 10.9 demonstratesthe global sections are H 0(#; Aψ∗) ∼= !
(
Aψ∗

) ∼= Z3
2. For a >

0, #′ contains no bifurcation points. So we may check at any stalk λ ∈ #′ that

RAtt(ψ∗(λ0)) ∼= H 0(#′;Aψ∗) ∼= !
(
Aψ∗

∣∣∣
#′

) ∼= Z4
2.

Now we must consider the restriction map i0
∗ . Let {e1, e2, e3} the basis B#, where ei = l(si). 

Define

176

“Saddle-node”:     SN: f(x) = x + 0.2(−x3 + (4 + 0.5λ)(x2 − x)) λ = 0, x = 2

H0(𝖥) = ℤ2 H0(𝖥) = ℤ2
2 H0(𝖥) = ℤ3

2 Cellular sheaf of outer approximations 
over the nerve of a uniform subdivision 
of parameter interval .        [−1,2]

Local sections 
before bifurcation

Global sections Local sections 
after bifurcation

Λ

X



Monostable - Bistable - Monostable:   hysteresis or isola?

Λ

X

Λ

X

H0(𝒮𝖠𝗍𝗍) = ℤ1
2

Global sections

H0(𝒮𝖠𝗍𝗍) = ℤ2
2

Global sections
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Figure 3. Phase portraits and geometric realizations for system
for system (1.2) at parameter values given in Table 1.

1

2

(a) DSGRN Network.

Parameter node 974
x1 : p0, p1 < �1✓1,1 < �1✓2,1 < p2, p3
x2 : p0, p2 < �2✓2,2 < �2✓2,1 < p1, p3

Parameter node 975
x1 : p0 < �1✓1,1 < p1 < �1✓2,1 < p2, p3
x2 : p0, p2 < �2✓2,2 < �2✓2,1 < p1, p3

Parameter node 1054
x1 : p0, p1 < �1✓1,1 < �1✓2,1 < p2, p3
x2 : p0 < �2✓2,2 < p2 < �2✓2,1 < p1, p3

(b) Inequalities defining parameter regions 974, 975, and 1054.

Figure 4. DSGRN Network and inequalities defining parameter
regions in the parameter graph of the network, where the input

polynomials pj are given by p0 = `1,1`1,2, p1 = u1,1`1,2, p2 =
`1,1u1,2, and p3 = u1,1u1,2 for node x1 and p0 = `2,1`2,2, p1 =
u2,1`2,2, p2 = `2,1u2,2, and p3 = u2,1u2,2 for node x2.

Step 3: Using analysis embed the combinatorial model into a continuous
setting in such a way that the algebraic topological invariants are pre-
served.

Step 4: Check that the algebraic topological invariants associated with em-
bedding constructed in step 3 are still valid for the original ODE of inter-
est.

With regard to Step 1, observe that the network of Figure 4(A) provides
a simple caricature of the interactions between variables in the ODE (1.2). In
particular, the directed edges 1 a 1 and 2 a 1 are associated with the fact that ẋ1

is monotone decreasing as a function of x1 and x2, respectively. Similarly, 1 a 2
and 2 a 2 indicates that ẋ2 is monotone decreasing as a function of x1 and x2,
respectively.

The model ODE (1.2) is clearly parameterized, thus the associated combina-
torial model should also be parameter dependent. The parameterization of the
combinatorial model is based on the assumption that each node n (associated to
a real variable xn) has a decay rate �n > 0, that there is a minimal `n,m > 0 and
maximal un,m e↵ect of xm on the growth rate of xn, and a threshold ✓m,n at which

Cusp bifurcation in DSGRN 

·x1 = − γ1x1 + {ℓ12 + δ12 x2 < θ12

ℓ12 x2 > θ12

·x2 = − γ2x2 + {ℓ21 + δ21 x1 < θ21

ℓ21 x1 > θ21

Parameter space is , 
which consists of 9 regions.

(0,∞)8

Use sheaf cohomology to check whether there is 
hysteresis on a closed curve, ie. Monostable-
Bistable-Monstable along a single global section. Codimension-2 bifurcation



9 parameter regions in (0,∞)8

Cusp bifurcation?
ℓ21 < ℓ21 + δ21 < γ2θ12

ℓ21 < γ2θ12 < ℓ21 + δ21

γ2θ12 < ℓ21 < ℓ21 + δ21

γ1θ21 < ℓ12 < ℓ12 + δ12 ℓ12 < γ1θ21 < ℓ12 + δ12 ℓ12 < ℓ12 + δ12 < γ1θ21

p1

p2p3



Rigorous verification (Lessard and Pugliese 2024)

Reduce to a 2-dimensional subspace:

p = p1 + s1(p2 − p1) + s2(p3 − p1)

p1 =

1
0.9
1.1
1.1
1
1
1
1

p2 =

1
1.1
1.1
0.9
1
1
1
1

p3 =

1
1.1
0.9
0.9
1
1
1
1

γ1
γ2

ℓ12

ℓ21
δ12
δ21

θ12

θ21

Verified cusp bifurcation at approximately: 
 and s1 = 0.176282044953037

s2 = 0.177039860011836

Sigmoidal, Hill model with . d = 10

0 ≤ s1 + s2 ≤ 1

·x1 = − γ1x1 + ℓ12 + δ12
θd

12

θd
12 + xd

2

·x2 = − γ2x2 + ℓ21 + δ21
θd

21

θd
21 + xd

1



What next? 

• Develop sheaf cohomology signatures that are searchable in the DSGRN 
database that are indicators of certain types of bifurcations


• Hysteresis - switching behavior in a network

• Update a 2021 study of hysteresis in 3-node networks 

• Definition of hysteresis


• Higher codimension bifurcations

• Swallowtail bifurcation (codimension-3)


• Relationship to connection matrices and transition matrices



Thank you!

Konstantin Mischaikow, Rutgers

Robert VanderVorst, VU Amsterdam

Alex Dowling, Johns Hopkins

Marcio Gameiro, Rutgers


