A Topological Approach for Detecting P-Bifurcations
from Kernel Density Estimates

AFOSR Dynamics and Control Review, 8/26/2024
Firas A. Khasawneh, Ph.D.

Computational Mathematics, Science, and Engineering

Michigan State University



Acknowledgements
Funding Collaborators

/

T']]iza,betlh i’\-"hlm:h Sunia Tanweer

v

Max Chumley Audun Myers

FA9550-22-1-0007 (PNNL)
PPO: Dr. Fred Leve ;

David Mufioz Sarah Tyvmochko
(CCLA-Math)

2 /31




Time Series Analysis using Persistent Homology

1. Objective 1: Network representations of time series & their persistence

2. Objective 2: Zigzag persistence of point clouds from time series

3. Objective 3: Zigzag persistence of Network Representations of time series
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Homology

What is Homology?

A topological invariant which assigns
a vector space, Hy(X), to a given
topological space X.

Dimension:

k is the dimension

e 0: Clusters
e 1: Holes
e 2:Voids
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Persistent Homology

A way to watch how the homology of a filtration (sequence) of topological spaces
changes so that we can understand something about the space.

Given topological space K and filtration
KeCKiCKyC---CK,

gives a sequence of maps on homology
Hl(K()) — Hl(Kl) — Hl(Kz) — e — Hl(Kn)
Appearance — Birth (b)

Disppearance — Death (d)

Encoded on Persistence Diagrams as (b, d)
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Point-Cloud Persistence (Vietoris Rips Complex)
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Image Cubical Persistence (Superlevel
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Chaos Detection with Persistent Homology of Networks
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Myers, A. D., Chumley, M. M., Khasawneh, F. A., & Munch, E. (2023). "Persistent homology of coarse-grained state-space
networks." Physical Review E, 107(3), 034303.
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Temporal NetworRs and Zigzag Persistence

I i Temporal Graph Graph Snapshots Simplicial Complexes Zigzag Persistence
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Myers, A., Mufioz, D., Khasawneh, F. A., & Munch, E. (2023). Temporal network analysis using zigzag persistence. EP] Data
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Study Structure of Directed Graphs
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Walk-length Persistence

For a weighted digraph D = (V, E,w) and o C V, define
f(o) = inf{w(7) : vis a walk in D that contains all vertices in o'}

and the corresponding simplicial filtration { Kj<s}scr.
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Detect Number of Holes in Hippocampal Networks

e Arenas with 0 to 4 holes.

e Place fields are matched with place cells in
rodent's hippocampus.

e Time series spike data obtained from
random trajectories.

e Network for each trajectory encode overall
pairwise connections between place cells.
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Stochastic Bifurcations: Objective
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Limitations

Visual Inspection Quantifying Peaks Shannon Entropy
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P-Bifurcation Topologies and Superlevel Persistences
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Stochastic Duffing Oscillator
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Betti Numbers/Vectors

Death

0.0

0D Persistence

.‘f
4
f’
'I
rd
J',
"’
,ﬁ
7
Pl ®
’/
”,.‘
,’
/’J(
I"
’I
e e e e e e e e e -——-
0.0 0.5 1.0
Birth

Betti Number
o
=y
o

o
g
[

@
o
<o

Betti Curve

0.0

04 0.6

0.8

1.0

18 /31



Homological Bifurcation Plot

PDF Persistence Diagram
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Homological Bifurcation Plot Analytical
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Detection with Reliable KDEs: Method

Homology Estimation
for Each Level

Homological
Bifurcation Plot

Density Estimates

[Family of Kernel

Bifurcation Parameter
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in a heat map

Extract Superlevel Sets from
Bottom to Top at Various Levels

Tanweer, S., A. Khasawneh, F., Munch, E., & R. Tempelman, J. (2024). A topological framework for identifying
phenomenological bifurcations in stochastic dynamical systems. Nonlinear Dynamics, 112(6), 4687-4703. 22 / 31




Real-World Application: Aerofoil Flutter

e Limit cycle flutter poses threat to flight safety
e Causes high amplitude oscillations
e Leads to fatigue damage and failure

Mh + Sé + ci1h + Kph = L(t) = —0.1aU
Sh + Jpé + cyé + Ko = M(t) = 0.04al
K, = ki + ksa?® + ksa?

U=Us+:+&®1) 777

L(t) Kh% CLLLL
h

Il

Y. Hao, Z. Q. Wu (2019). "RANDOM FLUTTER OF MULTI-STABLE AIRFOILS EXCITED PARAMETRICALLY IN STEADY FLOWS."
Journal of Mechanics Vol. 35, No 3. 23 / 31



Homological Bifurcation Plot
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Bifurcation Detection with Unreliable KDEs: Method

[ Sample New PDs ]
@ ) r N
| e ©® ©® o F( :_ : )
e ©° o . .° .' » ‘ e
b o g © ® g
R ® . — R
L]
Unre!iable Kemel Gubical Persisten09
\Densny Estimate Y,
\ Bootstrapping PD/
(.. - &
B
< L ;
-8 . Point Process
A, - \_ Model Sampling )
Bifurcation !
Parameter — _
; Statistical Outlier
L \_ Detection Pairwise Gibbs Model |
Statistically Reliable Interaction
Model

Qobabilities of Ray

Tanweer, S., & Khasawneh, F. A. (2024). Topological detection of phenomenological bifurcations with unreliable kernel
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Gibbs Modelling
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Pairwise Interaction Point Process Modelling
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Stochastic Duffing Oscilator

Example
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Thank you!

Firas Khasawneh
khasawn3@msu.edu
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