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Time Series Analysis using Persistent Homology
1. Objective 1: Network representations of time series & their persistence

2. Objective 2: Zigzag persistence of point clouds from time series

3. Objective 3: Zigzag persistence of Network Representations of time series
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What is Homology?

A topological invariant which assigns
a vector space, , to a given
topological space .

Dimension:

 is the dimension

0: Clusters
1: Holes
2: Voids

Homology

Hk(X)
X

k
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Persistent Homology
A way to watch how the homology of a filtration (sequence) of topological spaces
changes so that we can understand something about the space.

Given topological space  and filtration

gives a sequence of maps on homology

Appearance  Birth (b)

Disppearance  Death (d)

Encoded on Persistence Diagrams as (b, d)

K

K0 ⊆ K1 ⊆ K2 ⊆ ⋯ ⊆ Kn

H1(K0) → H1(K1) → H1(K2) → ⋯ → H1(Kn)

→

→
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Point-Cloud Persistence (Vietoris Rips Complex)
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Image Cubical Persistence (Superlevel)
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Chaos Detection with Persistent Homology of Networks

Myers, A. D., Chumley, M. M., Khasawneh, F. A., & Munch, E. (2023). "Persistent homology of coarse-grained state-space
networks." Physical Review E, 107(3), 034303.
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Temporal Networks and Zigzag Persistence

Myers, A., Muñoz, D., Khasawneh, F. A., & Munch, E. (2023). Temporal network analysis using zigzag persistence. EPJ Data
Science, 12(1), 6.

Rail

Coach

Great Britain Transportation Networks Intermittency Detection
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Study Structure of Directed Graphs

Temporal Mapper Network Representations of Timeseries

11 / 31



Walk-length Persistence
For a weighted digraph  and , define

and the corresponding simplicial filtration .

D = (V ,E,w) σ ⊆ V

f(σ) = inf {w(γ) : γ is a walk in D that contains all vertices in σ}

{Kf≤δ}δ∈R
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Arenas with 0 to 4 holes.

Place fields are matched with place cells in
rodent's hippocampus.

Time series spike data obtained from
random trajectories.

Network for each trajectory encode overall
pairwise connections between place cells.

Detect Number of Holes in Hippocampal Networks

Dowker (Chowdhury, Mémoli, 2018) Walk-length

Walk-length shows more well-separated clusters and less missclassification on threshold (dotted line).
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Stochastic Bifurcations: Objective

Objective: Identifying bifurcations associated with topological changes in PDFs of
stochastic dynamical systems
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Visual Inspection Quantifying Peaks Shannon Entropy
`

`

Limitations

− ∫
∞

−∞
p ln pdX
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P-Bifurcation Topologies and Superlevel Persistences
--> --> -->
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Stochastic Duffing Oscillator
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Betti Numbers/Vectors
Betti Number

The Betti number  is the dimension of the -dimensional homology,
.

Betti Vector

Given a filtration  the Betti curve is a function

Given a persistence diagram, the Betti curve is the function  whose value
on  is the number of points  on the diagram such that 

βp(K) p
dim(Hp(K))

K0 ⊆ K1 ⊆ ⋯Kn

t ↦ (βi(K⌊t⌋))

β : R → N
t ∈ R (bi, di) di ≤ t < bi
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Homological Bifurcation Plot
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Homological Bifurcation Plot

h < 0

h >= 0

20 / 31



21 / 31



Detection with Reliable KDEs: Method

Tanweer, S., A. Khasawneh, F., Munch, E., & R. Tempelman, J. (2024). A topological framework for identifying
phenomenological bifurcations in stochastic dynamical systems. Nonlinear Dynamics, 112(6), 4687-4703. 22 / 31



Real-World Application: Aerofoil Flutter
Limit cycle flutter poses threat to flight safety
Causes high amplitude oscillations
Leads to fatigue damage and failure

Mḧ + Sα̈ + c1ḣ + Khh = L(t) = −0.1αŪ

Sḧ + JEα̈ + c2α̇ + Kαα = M(t) = 0.04αŪ

Kα = k1 + k3α
2 + k5α

4

Ū = Uf + ε + ξ(t)

Y. Hao, Z. Q. Wu (2019). "RANDOM FLUTTER OF MULTI-STABLE AIRFOILS EXCITED PARAMETRICALLY IN STEADY FLOWS."
Journal of Mechanics Vol. 35, No 3. 23 / 31



Homological Bifurcation Plot
--
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Bifurcation Detection with Unreliable KDEs: Method

Tanweer, S., & Khasawneh, F. A. (2024). Topological detection of phenomenological bifurcations with unreliable kernel
density estimates. Probabilistic Engineering Mechanics, 76, 103634. 26 / 31



Gibbs Modelling

Robert J. Adler, Sarit Agami, and Pratyush Pranav. “Modeling and replicating statistical topology and evidence for CMB
nonhomogeneity”. In: Proceedings of the National Academy of Sciences 114.45 (Oct. 2017), pp. 11878–11883. doi:
10.1073/pnas. 1706885114. 27 / 31



Pairwise Interaction Point Process Modelling

Theodore Papamarkou, Farzana Nasrin, Austin Lawson, Na Gong, Orlando Rios, and Vasileios Maroulas. “A random
persistence diagram generator”. In: Statistics and Computing 32.5 (Oct. 2022). issn: 1573-1375. doi: 10.1007/s11222-022-10141-
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Example: Stochastic Duffing Oscilator
h < 0

h >= 0
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