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Population Games: Concept and Motivation
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Basic tenets:

• Large number of nondescript agents grouped into populations.

• Agents select and repeatedly revise strategies.

• Each strategy has a payo↵ (reward or cost).

• Payo↵ mechanism ascribes vector of payo↵s.
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payo↵
mechanism
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aggregate information
or e↵ect
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payo↵ vector

<latexit sha1_base64="z3LdLumvTEamJ62oC5SosaRKBuU=">AAAB/HicbVBNSwMxEJ2tX7V+rfboJVgET2W3COqt6MVjBfsBbSnZNNuGZpMlyRaWpf4VLx4U8eoP8ea/MW33oK0PBh7vzTAzL4g508bzvp3CxubW9k5xt7S3f3B45B6ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaDyd3cb0+p0kyKR5PGtB/hkWAhI9hYaeCWsx4zKMapDEM0pcRINRu4Fa/qLYDWiZ+TCuRoDNyv3lCSJKLCEI617vpebPoZVoYRTmelXqJpjMkEj2jXUoEjqvvZ4vgZOrfKEIVS2RIGLdTfExmOtE6jwHZG2Iz1qjcX//O6iQmv+xkTcWKoIMtFYcKRkWieBBoyZf/lqSWYKGZvRWSMFSbG5lWyIfirL6+TVq3qX1ZvHmqV+m0eRxFO4QwuwIcrqMM9NKAJBFJ4hld4c56cF+fd+Vi2Fpx8pgx/4Hz+APO4lPw=</latexit>

Framework for modeling noncooperative strategic interactions for large popula-
tions of agents.
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strategies available to each agent:
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Textbook with many examples
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Example: tra�c assignment
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Population Games: Concept and Motivation
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Control systems magazine, 2017
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Dynamic Economic Dispatch for Microgrids
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Strategy set for the population is {1, . . . , n}
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Without loss of generality we consider a single population
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Population state
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<latexit sha1_base64="D6Ra//cRAEjNi76lN72zhbAgq78="></latexit>

xi(t) is the portion of the population
selecting strategy i at time t.

<latexit sha1_base64="DJ2GtrVuT1ZVzGfIdNBsoPHzxJI="></latexit>

We assume unit mass
Pn

i=1 xi(t) = 1

<latexit sha1_base64="WnwJxv9hISN6lA/Zek0xVjndwYo=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWk4GNZKojLCvYBbSiT6aQdOo8wMxFKyMZfceNCEbd+hjv/xmmahbYeuHA4517uvSeMGdXG876dldW19Y3N0lZ5e2d3b989OGxrmShMWlgyqboh0oRRQVqGGka6sSKIh4x0wsnNzO88EqWpFA9mGpOAo5GgEcXIWGngHqd9amADaYrhrVQ8YbmRDdyKV/VywGXiF6QCCjQH7ld/KHHCiTCYIa17vhebIEXKUMxIVu4nmsQIT9CI9CwViBMdpPkDGTyzyhBGUtkSBubq74kUca2nPLSdHJmxXvRm4n9eLzHRdZBSESeGCDxfFCUMGglnacAhVQQbNrUEYUXtrRCPkULY2MzKNgR/8eVl0q5V/cvqxX2tUm8UcZTACTgF58AHV6AO7kATtAAGGXgGr+DNeXJenHfnY9664hQzR+APnM8fr3KWfA==</latexit>

Basic Formulation



Strategy set for the population is {1, . . . , n}
<latexit sha1_base64="xbaFl+fzzmC3A+6y0s9LODyH3cE="></latexit>

Without loss of generality we consider a single population
<latexit sha1_base64="z3szec4P463eGaq3p0BxRErVCKQ="></latexit>

Example for n = 3 and N = 100
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xi(t) is the portion of the population
selecting strategy i at time t.

<latexit sha1_base64="DJ2GtrVuT1ZVzGfIdNBsoPHzxJI="></latexit>

We assume unit mass
Pn

i=1 xi(t) = 1
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Basic Formulation



strategy profile set
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xi(t) is the portion of the population
selecting strategy i at time t.

<latexit sha1_base64="DJ2GtrVuT1ZVzGfIdNBsoPHzxJI="></latexit>

We assume unit mass
Pn

i=1 xi(t) = 1
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Basic Formulation



The payo↵ of a population game is specified as follows, where F : X ! Rn

is a continuously di↵erentiable map.
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strategy profile set
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xi(t) is the portion of the population
selecting strategy i at time t.
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We assume unit mass
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pi(t) is the payo↵ of strategy i at time t
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Basic Formulation



11 2

3 4

5
origin

<latexit sha1_base64="0vtABBIHwUauipO9g1NtmvDrBjU="></latexit>

destination
<latexit sha1_base64="OTYirT2FlvOL49ajtqMyNm6yLR0="></latexit>

strategy 1
<latexit sha1_base64="PmRkeVm4W7QAI7lZGx6CF361H38="></latexit>

strategy 2
<latexit sha1_base64="XWPSQ3NnqPSf1yBOF0DanrRgF5w="></latexit>

strategy 3
<latexit sha1_base64="4SsFM3r22BUMiP9GBSxWoxxsuCk="></latexit>

Example: 3-strategy congestion game
<latexit sha1_base64="kLGQL9xfk+3tO7qe4OJUKL+u0NI="></latexit>

Di : X ! R is delay as a C1 increasing function of utilization in link i
<latexit sha1_base64="hMW0VUCnG6v9EhBSc+sXhKXv3Pw="></latexit>

<latexit sha1_base64="K2vNX7tvSO3wzMfq26Edb0/HfoE=">AAACKnicbZBbSwJBFMdn7WZ22+qxlyEJlFB2RaqXwC5EjwZ5AV2W2XFWB2cvzMyGsvh5eumr9OJDIb32QZpVCdMODPz5/c9hzvk7IaNCGsZES62tb2xupbczO7t7+wf64VFdBBHHpIYDFvCmgwRh1Cc1SSUjzZAT5DmMNJz+XeI3XggXNPCf5TAkloe6PnUpRlIhW79pe0j2MGLxw8g2c4M8vIaFX3Y/ZbYJz+HALuVhAS5apcTK23rWKBrTgqvCnIssmFfV1sftToAjj/gSMyREyzRCacWIS4oZGWXakSAhwn3UJS0lfeQRYcXTU0fwTJEOdAOuni/hlC5OxMgTYug5qjPZVCx7CfzPa0XSvbJi6oeRJD6efeRGDMoAJrnBDuUESzZUAmFO1a4Q9xBHWKp0MyoEc/nkVVEvFc2LYvmpnK3czuNIgxNwCnLABJegAh5BFdQABq/gHXyAT+1NG2sT7WvWmtLmM8fgT2nfP52QpE0=</latexit>

F1(x) = �D1(x1 + x2)�D2(x1)

<latexit sha1_base64="a0fsXiDC424k30+LbnPs2xOJvmU="></latexit>

F2(x) = �D1(x1 + x2)�D4(x2 + x3)�D5(x2)

<latexit sha1_base64="aD79f7LMaOyyVwWO5CGkarZwKmo=">AAACKHicbZBdSwJBFIZn+zT72uqymyEJlFB2VaqbSCqiS4P8AF2W2XHUwdkPZmYjWfw53fRXuokowtt+SbO6hGkHBl6e9xzmnNcJGBXSMMba0vLK6tp6aiO9ubW9s6vv7deFH3JMathnPm86SBBGPVKTVDLSDDhBrsNIwxlcx37jkXBBfe9BDgNiuajn0S7FSCpk65dtF8k+Riy6Hdml7FMOXsD8L7uZMLuUg3k4C8sKFk9iw9YzRsGYFFwUZiIyIKmqrb+3Oz4OXeJJzJAQLdMIpBUhLilmZJRuh4IECA9Qj7SU9JBLhBVNDh3BY0U6sOtz9TwJJ3R2IkKuEEPXUZ3xtmLei+F/XiuU3XMrol4QSuLh6UfdkEHpwzg12KGcYMmGSiDMqdoV4j7iCEuVbVqFYM6fvCjqxYJ5WijflzOVqySOFDgERyALTHAGKuAOVEENYPAMXsEH+NRetDftSxtPW5e0ZOYA/Cnt+wfjeKQD</latexit>

F3(x) = �D3(x3)�D4(x2 + x3)

<latexit sha1_base64="WnwJxv9hISN6lA/Zek0xVjndwYo=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWk4GNZKojLCvYBbSiT6aQdOo8wMxFKyMZfceNCEbd+hjv/xmmahbYeuHA4517uvSeMGdXG876dldW19Y3N0lZ5e2d3b989OGxrmShMWlgyqboh0oRRQVqGGka6sSKIh4x0wsnNzO88EqWpFA9mGpOAo5GgEcXIWGngHqd9amADaYrhrVQ8YbmRDdyKV/VywGXiF6QCCjQH7ld/KHHCiTCYIa17vhebIEXKUMxIVu4nmsQIT9CI9CwViBMdpPkDGTyzyhBGUtkSBubq74kUca2nPLSdHJmxXvRm4n9eLzHRdZBSESeGCDxfFCUMGglnacAhVQQbNrUEYUXtrRCPkULY2MzKNgR/8eVl0q5V/cvqxX2tUm8UcZTACTgF58AHV6AO7kATtAAGGXgGr+DNeXJenHfnY9664hQzR+APnM8fr3KWfA==</latexit>

Basic Formulation



Deterministic approximation for large population limit (N ! 1)
<latexit sha1_base64="iwsIHHRm4WMEGm9mBTqTLdxpuJY="></latexit>

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="rjcyC1PlQ6toOTh7Cc2RKo5yVVE=">AAAB/HicbVDLSgNBEOz1GeMrmqOXwSB4CrsBH8egHrwIEcwDkhBmJ51kyOzsMjMrLEv8FS8eFPHqh3jzb5wke9DEgoaiqpvuLj8SXBvX/XZWVtfWNzZzW/ntnd29/cLBYUOHsWJYZ6EIVcunGgWXWDfcCGxFCmngC2z64+up33xEpXkoH0wSYTegQ8kHnFFjpV6hmHa4IXdIJblJJA0405NeoeSW3RnIMvEyUoIMtV7hq9MPWRygNExQrdueG5luSpXhTOAk34k1RpSN6RDblto1qLvp7PgJObFKnwxCZUsaMlN/T6Q00DoJfNsZUDPSi95U/M9rx2Zw2U25jGKDks0XDWJBTEimSZA+V8iMSCyhTHF7K2EjqigzNq+8DcFbfHmZNCpl77x8dl8pVa+yOHJwBMdwCh5cQBVuoQZ1YJDAM7zCm/PkvDjvzse8dcXJZorwB87nD18IlJs=</latexit>

Mean Dynamics



Deterministic approximation for large population limit (N ! 1)
<latexit sha1_base64="iwsIHHRm4WMEGm9mBTqTLdxpuJY="></latexit>

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="XdekdEyfRrKPFZyBidWeBok40Xs="></latexit>

ẋi = Vi(x, p) :=
nX

j=1

xjTji(x, p)� xi

 
nX

j=1

Tij(x, p)
!
,

x 2 X, p 2 Rn, 1  i  n

<latexit sha1_base64="rjcyC1PlQ6toOTh7Cc2RKo5yVVE=">AAAB/HicbVDLSgNBEOz1GeMrmqOXwSB4CrsBH8egHrwIEcwDkhBmJ51kyOzsMjMrLEv8FS8eFPHqh3jzb5wke9DEgoaiqpvuLj8SXBvX/XZWVtfWNzZzW/ntnd29/cLBYUOHsWJYZ6EIVcunGgWXWDfcCGxFCmngC2z64+up33xEpXkoH0wSYTegQ8kHnFFjpV6hmHa4IXdIJblJJA0405NeoeSW3RnIMvEyUoIMtV7hq9MPWRygNExQrdueG5luSpXhTOAk34k1RpSN6RDblto1qLvp7PgJObFKnwxCZUsaMlN/T6Q00DoJfNsZUDPSi95U/M9rx2Zw2U25jGKDks0XDWJBTEimSZA+V8iMSCyhTHF7K2EjqigzNq+8DcFbfHmZNCpl77x8dl8pVa+yOHJwBMdwCh5cQBVuoQZ1YJDAM7zCm/PkvDjvzse8dcXJZorwB87nD18IlJs=</latexit>

Mean Dynamics

<latexit sha1_base64="mNMJsufxVuJOmaRc9gXat1Itm2I=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkp+FgWX7gRKtgHtEPJpLdtaCYzJBmhDF268VfcuFDErZ/gzr8x085CWw8EDufcy805fsSZ0o7zbeUWFpeWV/KrhbX1jc0te3unrsJYUqjRkIey6RMFnAmoaaY5NCMJJPA5NPzhReo3HkAqFop7PYrAC0hfsB6jRBupY+8nbabxtQwDzIFIwUQfy5gD1iG+urwdd+yiU3ImwPPEzUgRZah27K92N6RxAEJTTpRquU6kvYRIzSiHcaEdK4gIHZI+tAwVJADlJZMgY3xolC7uhdI8ofFE/b2RkECpUeCbyYDogZr1UvE/rxXr3pmXMBHFGgSdHurFPE2ZtoK7TALVfGQIoZKZv2I6IJJQbbormBLc2cjzpF4uuSel47tysXKe1ZFHe+gAHSEXnaIKukFVVEMUPaJn9IrerCfrxXq3PqajOSvb2UV/YH3+AJVVmQ8=</latexit>

From learning rule to EDM

<latexit sha1_base64="n2PYsxzxnA66WwL1EmDqsKR+F+c=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIizJT8LEsunFZwT6gHUomc6cNzSRDkhHK0H9w46+4caGIWzfu/BszbRfaeiBwOOfeHO4JEs60cd1vp7Cyura+UdwsbW3v7O6V9w9aWqaKQpNKLlUnIBo4E9A0zHDoJApIHHBoB6Ob3G8/gNJMinszTsCPyUCwiFFirNQvn2U9ZnCiZEAClucximMZAscywhyIEkwMsEo5TPrlilt1p8DLxJuTCpqj0S9/9UJJ0xiEoZxo3fXcxPgZUTbE/lfqpRoSQkdkAF1LBYlB+9n0pgk+sUqII6nsEwZP1d8bGYm1HseBnYyJGepFLxf/87qpia78jIkkNSDoLChKOTYS5wXhkCmgho8tIVSxvBA6JIpQY2ss2RK8xZOXSatW9S6q53e1Sv16XkcRHaFjdIo8dInq6BY1UBNR9Iie0St6c56cF+fd+ZiNFpz5ziH6A+fzB2Pknn0=</latexit>

probabilistic model of learning rule



<latexit sha1_base64="XdekdEyfRrKPFZyBidWeBok40Xs="></latexit>

ẋi = Vi(x, p) :=
nX

j=1

xjTji(x, p)� xi

 
nX

j=1

Tij(x, p)
!
,

x 2 X, p 2 Rn, 1  i  n

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="LBmzhhqlRo6JERm/c2lY5MoBt5Q="></latexit>

inflow switching to strategy i
<latexit sha1_base64="7dQAUkk6ND0M91F10KnTI7YG2uo="></latexit>

outflow switching out of strategy i

<latexit sha1_base64="W9B4qCeu9gqpqYvB/nNqj/RT8wk="></latexit>

Flow interpretation

<latexit sha1_base64="rjcyC1PlQ6toOTh7Cc2RKo5yVVE=">AAAB/HicbVDLSgNBEOz1GeMrmqOXwSB4CrsBH8egHrwIEcwDkhBmJ51kyOzsMjMrLEv8FS8eFPHqh3jzb5wke9DEgoaiqpvuLj8SXBvX/XZWVtfWNzZzW/ntnd29/cLBYUOHsWJYZ6EIVcunGgWXWDfcCGxFCmngC2z64+up33xEpXkoH0wSYTegQ8kHnFFjpV6hmHa4IXdIJblJJA0405NeoeSW3RnIMvEyUoIMtV7hq9MPWRygNExQrdueG5luSpXhTOAk34k1RpSN6RDblto1qLvp7PgJObFKnwxCZUsaMlN/T6Q00DoJfNsZUDPSi95U/M9rx2Zw2U25jGKDks0XDWJBTEimSZA+V8iMSCyhTHF7K2EjqigzNq+8DcFbfHmZNCpl77x8dl8pVa+yOHJwBMdwCh5cQBVuoQZ1YJDAM7zCm/PkvDjvzse8dcXJZorwB87nD18IlJs=</latexit>

Mean Dynamics



<latexit sha1_base64="RqcQTN7SbUVc3hIi0NbCZV566ew="></latexit>

Vi(x, p) :=
nX

j=1

xjTji(x, p)�
 

nX

j=1

Tij(x, p)
!
xi,

x 2 X, p 2 Rn, 1  i  n

(EDM) Evolutionary dynamics model
<latexit sha1_base64="1nEpMB5Nv3nzi9ZuOMIVctNMHaE="></latexit>

<latexit sha1_base64="D7vofTMb3aHVUaqFzq75qOWRQ74="></latexit>

(Smith EDM) The Smith EDM is specified by
the following Smith IPC learning rule:

<latexit sha1_base64="NyWYB9j+76sgh2Z/3PCvTsigRho="></latexit>

T Smith
ij (x, p) := [pj � pi]+, p 2 Rn, x 2 X

<latexit sha1_base64="zDwD5ZsfbCIAFAFH/I6viinmGVY="></latexit>

VSmith
i (x, p) :=

nX

j=1

xj [pi � pj ]+ �
 

nX

j=1

[pj � pi]+

!
xi



<latexit sha1_base64="W9L5PkJL6UkglUywdMphxNkYt+4="></latexit>

Nash Equilibria

<latexit sha1_base64="Iu/fK8JOrkM2wHe3nd+pu0VkMYw="></latexit>

John Nash

<latexit sha1_base64="UYmUsAkBRoz1zm2fTDW0KaNAcLw="></latexit>

NE(F) :=
�
x 2 X | xTF(x) � x̃TF(x), x̃ 2 X

 
<latexit sha1_base64="W6HGpS528Vv/9/ERe6HRAoEozLo="></latexit>

Definition of NE for a game F :

<latexit sha1_base64="VJl7Ss677OimvOEIaVrODGtFN+8="></latexit>

Average population payo↵ is xTF(x).



<latexit sha1_base64="z9zVR+vQH38gms8lMIO4Xy9yVc0="></latexit>

• From Kakutani’s fixed point Theorem, NE(F) 6= ;.

• Wardrop-type representation of Nash equilibria:

NE(F) =

(
x 2 X

���xi > 0 =) Fi(x) = max
1jn

Fj(x)

)
.

• Finite sub-pop. do not gain from deviating from NE(F).

• Admit refinements based on evolutionary concepts, such as:

GESS(F) := {x 2 X | (x� y)TF(y) > 0, y 2 X� {x}}

<latexit sha1_base64="W9L5PkJL6UkglUywdMphxNkYt+4="></latexit>

Nash Equilibria

<latexit sha1_base64="Iu/fK8JOrkM2wHe3nd+pu0VkMYw="></latexit>

John Nash

<latexit sha1_base64="UYmUsAkBRoz1zm2fTDW0KaNAcLw="></latexit>

NE(F) :=
�
x 2 X | xTF(x) � x̃TF(x), x̃ 2 X

 
<latexit sha1_base64="W6HGpS528Vv/9/ERe6HRAoEozLo="></latexit>

Definition of NE for a game F :

<latexit sha1_base64="VJl7Ss677OimvOEIaVrODGtFN+8="></latexit>

Average population payo↵ is xTF(x).



<latexit sha1_base64="Iu/fK8JOrkM2wHe3nd+pu0VkMYw="></latexit>

John Nash

<latexit sha1_base64="W9L5PkJL6UkglUywdMphxNkYt+4="></latexit>

Nash Equilibria

<latexit sha1_base64="m87WdwkI8Vejxa3+xxajoGlnucE="></latexit>

For potential games (F = rf) [Sandholm, J. Econ. Th., ’01]:

• NE(F) = KKT(f) := {x satisfies KKT for maxx2X f(x)}.

• If the game is homogeneous of degree k 6= �1 and f is concave then NE(F)
is socially optimal.

• If x⇤ 2 relint(GESS(F)) then x̃TDF(x⇤)x̃ < 0 for x̃ 2 TX� {0}, i.e., f is
locally concave at x⇤ in X.

– x⇤ is local maximum of f .

<latexit sha1_base64="UYmUsAkBRoz1zm2fTDW0KaNAcLw="></latexit>

NE(F) :=
�
x 2 X | xTF(x) � x̃TF(x), x̃ 2 X

 

<latexit sha1_base64="VJl7Ss677OimvOEIaVrODGtFN+8="></latexit>

Average population payo↵ is xTF(x).

<latexit sha1_base64="W6HGpS528Vv/9/ERe6HRAoEozLo="></latexit>

Definition of NE for a game F :



<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="UYmUsAkBRoz1zm2fTDW0KaNAcLw="></latexit>

NE(F) :=
�
x 2 X | xTF(x) � x̃TF(x), x̃ 2 X

 

<latexit sha1_base64="VJl7Ss677OimvOEIaVrODGtFN+8="></latexit>

Average population payo↵ is xTF(x).

<latexit sha1_base64="W6HGpS528Vv/9/ERe6HRAoEozLo="></latexit>

Definition of NE for a game F :

<latexit sha1_base64="4IvoQNeAmpO/5sBUKerLV7TpCU0=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAg2ht2AjzLExsIiinlAsoTZyd1kyOzsMjMbCEtqG3/FxkIRW7/Azr9xkmyhiQcuHM65l3vv8WPOlHacb2tpeWV1bT23kd/c2t7Ztff26ypKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8MfXE/8xhCkYpF40KMYvJD0BAsYJdpIHfsobTONG8D5WQX6ZAhdfAtECiZ6+D7hoMYdu+AUnSnwInEzUkAZqh37q92NaBKC0JQTpVquE2svJVIzymGcbycKYkIHpActQwUJQXnp9JUxPjFKFweRNCU0nqq/J1ISKjUKfdMZEt1X895E/M9rJTq48lIm4kSDoLNFQcKxjvAkF9xlEqjmI0MIlczcimmfSEK1SS9vQnDnX14k9VLRvSie35UK5UoWRw4domN0ilx0icroBlVRDVH0iJ7RK3qznqwX6936mLUuWdnMAfoD6/MHmUGaOQ==</latexit>

Well-Behaved Learning Rules

<latexit sha1_base64="vjaW9oGDdgz0l4l89WszNrRcDnQ="></latexit>

Well-behaved learning rules satisfy:



<latexit sha1_base64="BBXQ3JjoxLjayrfaBB32swCSUXQ=">AAACI3icbVBNSwMxFMz6WetX1aOXYBG8WHaLqHgqevGo0GqhLSWbvq2h2WRJ3hbK0v/ixb/ixYMiXjz4X0y3Pah1IDDMzHvhTZhIYdH3P72FxaXlldXCWnF9Y3Nru7Sze2d1ajg0uJbaNENmQQoFDRQooZkYYHEo4T4cXE38+yEYK7Sq4yiBTsz6SkSCM3RSt3SRtQXSOkgJfVDHkwgVCsG4LZhnqI5ooq1AMQTKtTEgc33cLZX9ip+DzpNgRspkhptu6b3d0zyNQSGXzNpW4CfYyZhBwSWMi+3UQsL4gPWh5ahiMdhOlt84podO6dFIG/cU0lz9OZGx2NpRHLpkzPDB/vUm4n9eK8XovJMJlaQIik8/ilJJUdO8jZ4wwFGOHGHcuBo45Q/MMO5KskVXQvD35HlyV60Ep5WT22q5djmro0D2yQE5IgE5IzVyTW5Ig3DySJ7JK3nznrwX7937mEYXvNnMHvkF7+sbC36lyA==</latexit>

Tellegen-type interpretation of positive correlation
<latexit sha1_base64="9KiFe0+j/fnp23FWsRuDyaDblwQ="></latexit>

p0V(x, p) =
X

i>j

(pi � pj)(xjTji(x, p)� xiTij(x, p))
<latexit sha1_base64="+ZL1Ah0t8w7NHtxRo9mH5n2YKyE=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosWialKKvEYK1hgKxJ9SG0UOa7TmjoP2Q5SFWXhV1gYQIiVz2Djb3DTDFA40pWOzrnX1/d4MWdSWdaXUVpaXlldK69XNja3tnfM3b2OjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqTq5nffaBCsii8U9OYOgEehcxnBCstueZBOsgfST2e0AzVbtz0nmW1zDWrVt3Kgf4SuyBVKNByzc/BMCJJQENFOJayb1uxclIsFCOcZpVBImmMyQSPaF/TEAdUOmm+O0PHWhkiPxK6QoVy9edEigMpp4GnOwOsxnLRm4n/ef1E+RdOysI4UTQk80V+wpGK0CwNNGSCEsWnmmAimP4rImMsMFE6s4oOwV48+S/pNOr2Wf30tlFtXhZxlOEQjuAEbDiHJlxDC9pAIIMneIFX49F4Nt6M93lryShm9uEXjI9vyJSWhw==</latexit>

Iji

ji
<latexit sha1_base64="wZNykG2Lbg1ayEeu8AIAQ0EjM3c=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbspMEXVZdOOygn1AW0omvdOGZpIhyQhl6MaNv+LGhSJu/Qd3/o1pOwttPRA4nHNvknOCmDNtPO/bya2srq1v5DcLW9s7u3vu/kFDy0RRqFPJpWoFRANnAuqGGQ6tWAGJAg7NYHQz9ZsPoDST4t6MY+hGZCBYyCgxVuq5x2mHGVyKpQFhGOG4z8IQFAgKZ5OeW/TK3gx4mfgZKaIMtZ771elLmkT2LsqJ1m3fi003JcowymFS6CQaYkJHZABtSwWJQHfTWYoJPrVKH4dS2SMMnqm/N1ISaT2OAjsZETPUi95U/M9rJya86qZMxIkNSecPhQnHRuJpJTayAmr42BJCFbN/xXRIFKHGFlewJfiLkZdJo1L2L8rnd5Vi9TqrI4+O0AkqIR9doiq6RTVURxQ9omf0it6cJ+fFeXc+5qM5J9s5RH/gfP4AOKOYZw==</latexit>

(potential di↵erence)

<latexit sha1_base64="RUsMG1O6SurnJna9IUvsUSJEVPY=">AAACCXicbVDLTgIxFO3gC/GFunTTCCa4ITPEqEuiG5eYyCMBQjqlA9VOO2nvaMiErRt/xY0LjXHrH7jzbywwCwVP0uTknHtze44fCW7Adb+dzNLyyupadj23sbm1vZPf3WsYFWvK6lQJpVs+MUxwyerAQbBWpBkJfcGa/t3lxG/eM224kjcwilg3JAPJA04JWKmXx0mHAy5JBjgQ6gEHWoW4eFvEoHCRF4/HvXzBLbtT4EXipaSAUtR6+a9OX9E4ZBKoIMa0PTeCbkI0cCrYONeJDYsIvSMD1rZUkpCZbjJNMsZHVunjQGn7JOCp+nsjIaExo9C3kyGBoZn3JuJ/XjuG4LybcBnFwCSdHQpiMYk5qQX3uWYUxMgSQjW3f8V0SDShYMvL2RK8+ciLpFEpe6flk+tKoXqR1pFFB+gQlZCHzlAVXaEaqiOKHtEzekVvzpPz4rw7H7PRjJPu7KM/cD5/AFOsmC0=</latexit>

(net flow from j to i)
<latexit sha1_base64="+ZL1Ah0t8w7NHtxRo9mH5n2YKyE=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosWialKKvEYK1hgKxJ9SG0UOa7TmjoP2Q5SFWXhV1gYQIiVz2Djb3DTDFA40pWOzrnX1/d4MWdSWdaXUVpaXlldK69XNja3tnfM3b2OjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqTq5nffaBCsii8U9OYOgEehcxnBCstueZBOsgfST2e0AzVbtz0nmW1zDWrVt3Kgf4SuyBVKNByzc/BMCJJQENFOJayb1uxclIsFCOcZpVBImmMyQSPaF/TEAdUOmm+O0PHWhkiPxK6QoVy9edEigMpp4GnOwOsxnLRm4n/ef1E+RdOysI4UTQk80V+wpGK0CwNNGSCEsWnmmAimP4rImMsMFE6s4oOwV48+S/pNOr2Wf30tlFtXhZxlOEQjuAEbDiHJlxDC9pAIIMneIFX49F4Nt6M93lryShm9uEXjI9vyJSWhw==</latexit>

Iji

<latexit sha1_base64="9Nk7Noljvu2vs5AXc/HEwtzMzUA="></latexit>

Uji

<latexit sha1_base64="9Nk7Noljvu2vs5AXc/HEwtzMzUA="></latexit>

Uji

<latexit sha1_base64="U3wZL7HgUErJFbqlPxChrkmYrtw=">AAACJXicbVDLTgIxFO34RHyhLnXRSExcTWZIfCwJumCJCa8ECOl0LtDQ6UzaDpFM2PgzutX/cGdMXPkPfoEFZiHgSZqcnHNve3q8iDOlHefLWlvf2Nzazuxkd/f2Dw5zR8d1FcaSQo2GPJRNjyjgTEBNM82hGUkggceh4Q3vpn5jBFKxUFT1OIJOQPqC9Rgl2kjd3FnSZhqXQAoifXxv47KNq8A59EFMurm8Yzsz4FXipiSPUlS6uZ+2H9I4AKEpJ0q1XCfSnYRIzSiHSbYdK4gIHZI+tAwVJADVSWa/mOALo/i4F0pzhMYz9e9GQgKlxoFnJgOiB2rZm4r/ea1Y9247CRNRrEHQ+UO9mGMd4mkl2GcSqOZjQwiVzGTFdEAkodoUt3CTP2KRSlM/zmNnTUnuciWrpF6w3Wv76qGQL5bSujLoFJ2jS+SiG1REZVRBNUTRE3pBr+jNerberQ/rcz66ZqU7J2gB1vcvrvOlEg==</latexit>

Bernard D. H. Tellegen

<latexit sha1_base64="4IvoQNeAmpO/5sBUKerLV7TpCU0=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAg2ht2AjzLExsIiinlAsoTZyd1kyOzsMjMbCEtqG3/FxkIRW7/Azr9xkmyhiQcuHM65l3vv8WPOlHacb2tpeWV1bT23kd/c2t7Ztff26ypKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8MfXE/8xhCkYpF40KMYvJD0BAsYJdpIHfsobTONG8D5WQX6ZAhdfAtECiZ6+D7hoMYdu+AUnSnwInEzUkAZqh37q92NaBKC0JQTpVquE2svJVIzymGcbycKYkIHpActQwUJQXnp9JUxPjFKFweRNCU0nqq/J1ISKjUKfdMZEt1X895E/M9rJTq48lIm4kSDoLNFQcKxjvAkF9xlEqjmI0MIlczcimmfSEK1SS9vQnDnX14k9VLRvSie35UK5UoWRw4domN0ilx0icroBlVRDVH0iJ7RK3qznqwX6936mLUuWdnMAfoD6/MHmUGaOQ==</latexit>

Well-Behaved Learning Rules



<latexit sha1_base64="BBXQ3JjoxLjayrfaBB32swCSUXQ=">AAACI3icbVBNSwMxFMz6WetX1aOXYBG8WHaLqHgqevGo0GqhLSWbvq2h2WRJ3hbK0v/ixb/ixYMiXjz4X0y3Pah1IDDMzHvhTZhIYdH3P72FxaXlldXCWnF9Y3Nru7Sze2d1ajg0uJbaNENmQQoFDRQooZkYYHEo4T4cXE38+yEYK7Sq4yiBTsz6SkSCM3RSt3SRtQXSOkgJfVDHkwgVCsG4LZhnqI5ooq1AMQTKtTEgc33cLZX9ip+DzpNgRspkhptu6b3d0zyNQSGXzNpW4CfYyZhBwSWMi+3UQsL4gPWh5ahiMdhOlt84podO6dFIG/cU0lz9OZGx2NpRHLpkzPDB/vUm4n9eK8XovJMJlaQIik8/ilJJUdO8jZ4wwFGOHGHcuBo45Q/MMO5KskVXQvD35HlyV60Ep5WT22q5djmro0D2yQE5IgE5IzVyTW5Ig3DySJ7JK3nznrwX7937mEYXvNnMHvkF7+sbC36lyA==</latexit>

Tellegen-type interpretation of positive correlation
<latexit sha1_base64="9KiFe0+j/fnp23FWsRuDyaDblwQ="></latexit>

p0V(x, p) =
X

i>j

(pi � pj)(xjTji(x, p)� xiTij(x, p))
<latexit sha1_base64="+ZL1Ah0t8w7NHtxRo9mH5n2YKyE=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosWialKKvEYK1hgKxJ9SG0UOa7TmjoP2Q5SFWXhV1gYQIiVz2Djb3DTDFA40pWOzrnX1/d4MWdSWdaXUVpaXlldK69XNja3tnfM3b2OjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqTq5nffaBCsii8U9OYOgEehcxnBCstueZBOsgfST2e0AzVbtz0nmW1zDWrVt3Kgf4SuyBVKNByzc/BMCJJQENFOJayb1uxclIsFCOcZpVBImmMyQSPaF/TEAdUOmm+O0PHWhkiPxK6QoVy9edEigMpp4GnOwOsxnLRm4n/ef1E+RdOysI4UTQk80V+wpGK0CwNNGSCEsWnmmAimP4rImMsMFE6s4oOwV48+S/pNOr2Wf30tlFtXhZxlOEQjuAEbDiHJlxDC9pAIIMneIFX49F4Nt6M93lryShm9uEXjI9vyJSWhw==</latexit>

Iji

ji
<latexit sha1_base64="wZNykG2Lbg1ayEeu8AIAQ0EjM3c=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbspMEXVZdOOygn1AW0omvdOGZpIhyQhl6MaNv+LGhSJu/Qd3/o1pOwttPRA4nHNvknOCmDNtPO/bya2srq1v5DcLW9s7u3vu/kFDy0RRqFPJpWoFRANnAuqGGQ6tWAGJAg7NYHQz9ZsPoDST4t6MY+hGZCBYyCgxVuq5x2mHGVyKpQFhGOG4z8IQFAgKZ5OeW/TK3gx4mfgZKaIMtZ771elLmkT2LsqJ1m3fi003JcowymFS6CQaYkJHZABtSwWJQHfTWYoJPrVKH4dS2SMMnqm/N1ISaT2OAjsZETPUi95U/M9rJya86qZMxIkNSecPhQnHRuJpJTayAmr42BJCFbN/xXRIFKHGFlewJfiLkZdJo1L2L8rnd5Vi9TqrI4+O0AkqIR9doiq6RTVURxQ9omf0it6cJ+fFeXc+5qM5J9s5RH/gfP4AOKOYZw==</latexit>

(potential di↵erence)

<latexit sha1_base64="RUsMG1O6SurnJna9IUvsUSJEVPY=">AAACCXicbVDLTgIxFO3gC/GFunTTCCa4ITPEqEuiG5eYyCMBQjqlA9VOO2nvaMiErRt/xY0LjXHrH7jzbywwCwVP0uTknHtze44fCW7Adb+dzNLyyupadj23sbm1vZPf3WsYFWvK6lQJpVs+MUxwyerAQbBWpBkJfcGa/t3lxG/eM224kjcwilg3JAPJA04JWKmXx0mHAy5JBjgQ6gEHWoW4eFvEoHCRF4/HvXzBLbtT4EXipaSAUtR6+a9OX9E4ZBKoIMa0PTeCbkI0cCrYONeJDYsIvSMD1rZUkpCZbjJNMsZHVunjQGn7JOCp+nsjIaExo9C3kyGBoZn3JuJ/XjuG4LybcBnFwCSdHQpiMYk5qQX3uWYUxMgSQjW3f8V0SDShYMvL2RK8+ciLpFEpe6flk+tKoXqR1pFFB+gQlZCHzlAVXaEaqiOKHtEzekVvzpPz4rw7H7PRjJPu7KM/cD5/AFOsmC0=</latexit>

(net flow from j to i)
<latexit sha1_base64="+ZL1Ah0t8w7NHtxRo9mH5n2YKyE=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosWialKKvEYK1hgKxJ9SG0UOa7TmjoP2Q5SFWXhV1gYQIiVz2Djb3DTDFA40pWOzrnX1/d4MWdSWdaXUVpaXlldK69XNja3tnfM3b2OjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqTq5nffaBCsii8U9OYOgEehcxnBCstueZBOsgfST2e0AzVbtz0nmW1zDWrVt3Kgf4SuyBVKNByzc/BMCJJQENFOJayb1uxclIsFCOcZpVBImmMyQSPaF/TEAdUOmm+O0PHWhkiPxK6QoVy9edEigMpp4GnOwOsxnLRm4n/ef1E+RdOysI4UTQk80V+wpGK0CwNNGSCEsWnmmAimP4rImMsMFE6s4oOwV48+S/pNOr2Wf30tlFtXhZxlOEQjuAEbDiHJlxDC9pAIIMneIFX49F4Nt6M93lryShm9uEXjI9vyJSWhw==</latexit>

Iji

<latexit sha1_base64="9Nk7Noljvu2vs5AXc/HEwtzMzUA="></latexit>

Uji

<latexit sha1_base64="9Nk7Noljvu2vs5AXc/HEwtzMzUA="></latexit>

Uji

<latexit sha1_base64="EhVJLJg4bgmBpuov2YPRInjIM/U="></latexit>

IjiUji � 0 and (Iji 6= 0 =) IjiUji > 0)

<latexit sha1_base64="AaiYxBnpzmEDZ8Q8oTVFc8fA99A="></latexit>

Su�cient condition for positive correlation

<latexit sha1_base64="U3wZL7HgUErJFbqlPxChrkmYrtw=">AAACJXicbVDLTgIxFO34RHyhLnXRSExcTWZIfCwJumCJCa8ECOl0LtDQ6UzaDpFM2PgzutX/cGdMXPkPfoEFZiHgSZqcnHNve3q8iDOlHefLWlvf2Nzazuxkd/f2Dw5zR8d1FcaSQo2GPJRNjyjgTEBNM82hGUkggceh4Q3vpn5jBFKxUFT1OIJOQPqC9Rgl2kjd3FnSZhqXQAoifXxv47KNq8A59EFMurm8Yzsz4FXipiSPUlS6uZ+2H9I4AKEpJ0q1XCfSnYRIzSiHSbYdK4gIHZI+tAwVJADVSWa/mOALo/i4F0pzhMYz9e9GQgKlxoFnJgOiB2rZm4r/ea1Y9247CRNRrEHQ+UO9mGMd4mkl2GcSqOZjQwiVzGTFdEAkodoUt3CTP2KRSlM/zmNnTUnuciWrpF6w3Wv76qGQL5bSujLoFJ2jS+SiG1REZVRBNUTRE3pBr+jNerberQ/rcz66ZqU7J2gB1vcvrvOlEg==</latexit>

Bernard D. H. Tellegen

<latexit sha1_base64="4IvoQNeAmpO/5sBUKerLV7TpCU0=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAg2ht2AjzLExsIiinlAsoTZyd1kyOzsMjMbCEtqG3/FxkIRW7/Azr9xkmyhiQcuHM65l3vv8WPOlHacb2tpeWV1bT23kd/c2t7Ztff26ypKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8MfXE/8xhCkYpF40KMYvJD0BAsYJdpIHfsobTONG8D5WQX6ZAhdfAtECiZ6+D7hoMYdu+AUnSnwInEzUkAZqh37q92NaBKC0JQTpVquE2svJVIzymGcbycKYkIHpActQwUJQXnp9JUxPjFKFweRNCU0nqq/J1ISKjUKfdMZEt1X895E/M9rJTq48lIm4kSDoLNFQcKxjvAkF9xlEqjmI0MIlczcimmfSEK1SS9vQnDnX14k9VLRvSie35UK5UoWRw4domN0ilx0icroBlVRDVH0iJ7RK3qznqwX6936mLUuWdnMAfoD6/MHmUGaOQ==</latexit>

Well-Behaved Learning Rules



<latexit sha1_base64="BBXQ3JjoxLjayrfaBB32swCSUXQ=">AAACI3icbVBNSwMxFMz6WetX1aOXYBG8WHaLqHgqevGo0GqhLSWbvq2h2WRJ3hbK0v/ixb/ixYMiXjz4X0y3Pah1IDDMzHvhTZhIYdH3P72FxaXlldXCWnF9Y3Nru7Sze2d1ajg0uJbaNENmQQoFDRQooZkYYHEo4T4cXE38+yEYK7Sq4yiBTsz6SkSCM3RSt3SRtQXSOkgJfVDHkwgVCsG4LZhnqI5ooq1AMQTKtTEgc33cLZX9ip+DzpNgRspkhptu6b3d0zyNQSGXzNpW4CfYyZhBwSWMi+3UQsL4gPWh5ahiMdhOlt84podO6dFIG/cU0lz9OZGx2NpRHLpkzPDB/vUm4n9eK8XovJMJlaQIik8/ilJJUdO8jZ4wwFGOHGHcuBo45Q/MMO5KskVXQvD35HlyV60Ep5WT22q5djmro0D2yQE5IgE5IzVyTW5Ig3DySJ7JK3nznrwX7937mEYXvNnMHvkF7+sbC36lyA==</latexit>

Tellegen-type interpretation of positive correlation
<latexit sha1_base64="9KiFe0+j/fnp23FWsRuDyaDblwQ="></latexit>

p0V(x, p) =
X

i>j

(pi � pj)(xjTji(x, p)� xiTij(x, p))
<latexit sha1_base64="+ZL1Ah0t8w7NHtxRo9mH5n2YKyE=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosWialKKvEYK1hgKxJ9SG0UOa7TmjoP2Q5SFWXhV1gYQIiVz2Djb3DTDFA40pWOzrnX1/d4MWdSWdaXUVpaXlldK69XNja3tnfM3b2OjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqTq5nffaBCsii8U9OYOgEehcxnBCstueZBOsgfST2e0AzVbtz0nmW1zDWrVt3Kgf4SuyBVKNByzc/BMCJJQENFOJayb1uxclIsFCOcZpVBImmMyQSPaF/TEAdUOmm+O0PHWhkiPxK6QoVy9edEigMpp4GnOwOsxnLRm4n/ef1E+RdOysI4UTQk80V+wpGK0CwNNGSCEsWnmmAimP4rImMsMFE6s4oOwV48+S/pNOr2Wf30tlFtXhZxlOEQjuAEbDiHJlxDC9pAIIMneIFX49F4Nt6M93lryShm9uEXjI9vyJSWhw==</latexit>

Iji

ji
<latexit sha1_base64="wZNykG2Lbg1ayEeu8AIAQ0EjM3c=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbspMEXVZdOOygn1AW0omvdOGZpIhyQhl6MaNv+LGhSJu/Qd3/o1pOwttPRA4nHNvknOCmDNtPO/bya2srq1v5DcLW9s7u3vu/kFDy0RRqFPJpWoFRANnAuqGGQ6tWAGJAg7NYHQz9ZsPoDST4t6MY+hGZCBYyCgxVuq5x2mHGVyKpQFhGOG4z8IQFAgKZ5OeW/TK3gx4mfgZKaIMtZ771elLmkT2LsqJ1m3fi003JcowymFS6CQaYkJHZABtSwWJQHfTWYoJPrVKH4dS2SMMnqm/N1ISaT2OAjsZETPUi95U/M9rJya86qZMxIkNSecPhQnHRuJpJTayAmr42BJCFbN/xXRIFKHGFlewJfiLkZdJo1L2L8rnd5Vi9TqrI4+O0AkqIR9doiq6RTVURxQ9omf0it6cJ+fFeXc+5qM5J9s5RH/gfP4AOKOYZw==</latexit>

(potential di↵erence)

<latexit sha1_base64="RUsMG1O6SurnJna9IUvsUSJEVPY=">AAACCXicbVDLTgIxFO3gC/GFunTTCCa4ITPEqEuiG5eYyCMBQjqlA9VOO2nvaMiErRt/xY0LjXHrH7jzbywwCwVP0uTknHtze44fCW7Adb+dzNLyyupadj23sbm1vZPf3WsYFWvK6lQJpVs+MUxwyerAQbBWpBkJfcGa/t3lxG/eM224kjcwilg3JAPJA04JWKmXx0mHAy5JBjgQ6gEHWoW4eFvEoHCRF4/HvXzBLbtT4EXipaSAUtR6+a9OX9E4ZBKoIMa0PTeCbkI0cCrYONeJDYsIvSMD1rZUkpCZbjJNMsZHVunjQGn7JOCp+nsjIaExo9C3kyGBoZn3JuJ/XjuG4LybcBnFwCSdHQpiMYk5qQX3uWYUxMgSQjW3f8V0SDShYMvL2RK8+ciLpFEpe6flk+tKoXqR1pFFB+gQlZCHzlAVXaEaqiOKHtEzekVvzpPz4rw7H7PRjJPu7KM/cD5/AFOsmC0=</latexit>

(net flow from j to i)
<latexit sha1_base64="+ZL1Ah0t8w7NHtxRo9mH5n2YKyE=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosWialKKvEYK1hgKxJ9SG0UOa7TmjoP2Q5SFWXhV1gYQIiVz2Djb3DTDFA40pWOzrnX1/d4MWdSWdaXUVpaXlldK69XNja3tnfM3b2OjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqTq5nffaBCsii8U9OYOgEehcxnBCstueZBOsgfST2e0AzVbtz0nmW1zDWrVt3Kgf4SuyBVKNByzc/BMCJJQENFOJayb1uxclIsFCOcZpVBImmMyQSPaF/TEAdUOmm+O0PHWhkiPxK6QoVy9edEigMpp4GnOwOsxnLRm4n/ef1E+RdOysI4UTQk80V+wpGK0CwNNGSCEsWnmmAimP4rImMsMFE6s4oOwV48+S/pNOr2Wf30tlFtXhZxlOEQjuAEbDiHJlxDC9pAIIMneIFX49F4Nt6M93lryShm9uEXjI9vyJSWhw==</latexit>

Iji

<latexit sha1_base64="9Nk7Noljvu2vs5AXc/HEwtzMzUA="></latexit>

Uji

<latexit sha1_base64="9Nk7Noljvu2vs5AXc/HEwtzMzUA="></latexit>

Uji

<latexit sha1_base64="EhVJLJg4bgmBpuov2YPRInjIM/U="></latexit>

IjiUji � 0 and (Iji 6= 0 =) IjiUji > 0)

<latexit sha1_base64="AaiYxBnpzmEDZ8Q8oTVFc8fA99A="></latexit>

Su�cient condition for positive correlation

<latexit sha1_base64="U3wZL7HgUErJFbqlPxChrkmYrtw=">AAACJXicbVDLTgIxFO34RHyhLnXRSExcTWZIfCwJumCJCa8ECOl0LtDQ6UzaDpFM2PgzutX/cGdMXPkPfoEFZiHgSZqcnHNve3q8iDOlHefLWlvf2Nzazuxkd/f2Dw5zR8d1FcaSQo2GPJRNjyjgTEBNM82hGUkggceh4Q3vpn5jBFKxUFT1OIJOQPqC9Rgl2kjd3FnSZhqXQAoifXxv47KNq8A59EFMurm8Yzsz4FXipiSPUlS6uZ+2H9I4AKEpJ0q1XCfSnYRIzSiHSbYdK4gIHZI+tAwVJADVSWa/mOALo/i4F0pzhMYz9e9GQgKlxoFnJgOiB2rZm4r/ea1Y9247CRNRrEHQ+UO9mGMd4mkl2GcSqOZjQwiVzGTFdEAkodoUt3CTP2KRSlM/zmNnTUnuciWrpF6w3Wv76qGQL5bSujLoFJ2jS+SiG1REZVRBNUTRE3pBr+jNerberQ/rcz66ZqU7J2gB1vcvrvOlEg==</latexit>

Bernard D. H. Tellegen

<latexit sha1_base64="nkFKEJmhdiCRkVrxyIWuxW8t/5k="></latexit>

Tellegen’s theorem when:
KCL , ẋ = 0

<latexit sha1_base64="4IvoQNeAmpO/5sBUKerLV7TpCU0=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAg2ht2AjzLExsIiinlAsoTZyd1kyOzsMjMbCEtqG3/FxkIRW7/Azr9xkmyhiQcuHM65l3vv8WPOlHacb2tpeWV1bT23kd/c2t7Ztff26ypKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8MfXE/8xhCkYpF40KMYvJD0BAsYJdpIHfsobTONG8D5WQX6ZAhdfAtECiZ6+D7hoMYdu+AUnSnwInEzUkAZqh37q92NaBKC0JQTpVquE2svJVIzymGcbycKYkIHpActQwUJQXnp9JUxPjFKFweRNCU0nqq/J1ISKjUKfdMZEt1X895E/M9rJTq48lIm4kSDoLNFQcKxjvAkF9xlEqjmI0MIlczcimmfSEK1SS9vQnDnX14k9VLRvSie35UK5UoWRw4domN0ilx0icroBlVRDVH0iJ7RK3qznqwX6936mLUuWdnMAfoD6/MHmUGaOQ==</latexit>

Well-Behaved Learning Rules



Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)

x(0)

p determ
in
istic

payo↵

xm
ea
n
po
pu

la
ti
on

st
at
e

<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="4IvoQNeAmpO/5sBUKerLV7TpCU0=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAg2ht2AjzLExsIiinlAsoTZyd1kyOzsMjMbCEtqG3/FxkIRW7/Azr9xkmyhiQcuHM65l3vv8WPOlHacb2tpeWV1bT23kd/c2t7Ztff26ypKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8MfXE/8xhCkYpF40KMYvJD0BAsYJdpIHfsobTONG8D5WQX6ZAhdfAtECiZ6+D7hoMYdu+AUnSnwInEzUkAZqh37q92NaBKC0JQTpVquE2svJVIzymGcbycKYkIHpActQwUJQXnp9JUxPjFKFweRNCU0nqq/J1ISKjUKfdMZEt1X895E/M9rJTq48lIm4kSDoLNFQcKxjvAkF9xlEqjmI0MIlczcimmfSEK1SS9vQnDnX14k9VLRvSie35UK5UoWRw4domN0ilx0icroBlVRDVH0iJ7RK3qznqwX6936mLUuWdnMAfoD6/MHmUGaOQ==</latexit>

Well-Behaved Learning Rules

<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="vjaW9oGDdgz0l4l89WszNrRcDnQ="></latexit>

Well-behaved learning rules satisfy:

<latexit sha1_base64="szk6t9UxnLTTzr2eN6dgAhUZ5i0="></latexit>

Examples include:

• Pairwise comparison rules (with �ij(⌧) = 0 if ⌧  0, �ij(⌧) > 0 otherwise):

Tij(x, p) = �ij(pj � pi)

• Imitation protocols in the interior of X (includes replicator  ij(⌧) = [⌧ ]+):

Tij(x, p) = xj ij(pj � pi)

• Excess payo↵ target protocol (includes best response approximations):

Tij(x, p) = 'ij(p̂), p̂j := pj � xT p

• Hybrid rules formed as conic combinations.



Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

<latexit sha1_base64="PcfW8DfF9OdLYhmoZ4QAo55vDs4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEiroRioK4rGAf0JRyM520QyeTMDMRSuzCX3HjQhG3/oY7/8ZJm4W2Hhg4nHMv98zxY86Udpxvq7C0vLK6VlwvbWxube/Yu3tNFSWS0AaJeCTbPijKmaANzTSn7VhSCH1OW/7oOvNbD1QqFol7PY5pN4SBYAEjoI3Usw+8EPSQAE9vJvgSewJ8Djjo2WWn4kyBF4mbkzLKUe/ZX14/IklIhSYclOq4Tqy7KUjNCKeTkpcoGgMZwYB2DBUQUtVNp/kn+NgofRxE0jyh8VT9vZFCqNQ49M1kllbNe5n4n9dJdHDRTZmIE00FmR0KEo51hLMycJ9JSjQfGwJEMpMVkyFIINpUVjIluPNfXiTN04p7VqneVcu1q7yOIjpER+gEuegc1dAtqqMGIugRPaNX9GY9WS/Wu/UxGy1Y+c4++gPr8wfj4pVh</latexit>

F = rf

<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="KJxEZgxK03p4AR0av4DC7O+65UI="></latexit>

x(t) �!
t!1

NE(F) = KKT(f)

<latexit sha1_base64="WazPcfDZ4j1DFxxFcsz7wPqIQ6g=">AAACKXicbVDLTgIxFO3gC/GFunTTSDAmRjLDAl0S3bjERB4JTEinc4GGznTSdohkwkf4HX6AW/0Ed+rWhb9hB1gIeJImJ+fc3ptzvIgzpW3708qsrW9sbmW3czu7e/sH+cOjhhKxpFCnggvZ8ogCzkKoa6Y5tCIJJPA4NL3hbeo3RyAVE+GDHkfgBqQfsh6jRBupm79IOkzjJnB+6cGAjMDHMuagcOcMR0JDqBnhuE8CUJNuvmCX7CnwKnHmpIDmqHXzPx1f0DgwWygnSrUdO9JuQqRmlMMk14kVRIQOSR+Sx2mWSa74R2wbGqan3WTm4qJRfNwT0rxQ46m6sIYESo0Dz0wGRA/UspeK/3ntWPeu3YSFUWwy09mhXsyxFjitDftMAtV8bAihkpkAmA6IJFSbcnOmGWe5h1XSKJecSqlyXy5Ub+YdZdEJOkXnyEFXqIruUA3VEUVP6AW9ojfr2Xq3Pqyv2WjGmv85Rguwvn8BUBqm/g==</latexit>

Well-behaved rules & potential games

<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="hMH50eebgN3TA//cOdQlk9Ouk30=">AAACDHicbVDLTsJAFL31ifWFunQzETCuSMsCXRLduMREHgk0ZDqdwoTptJmZEknDL7DVD3Fn3PoPfoc/YAtdIHiSSU7OOTNz73EjzpS2rG9ja3tnd2+/cGAeHh2fnBbPztsqjCWhLRLyUHZdrChngrY005x2I0lx4HLacccPmd+ZUKlYKJ71NKJOgIeC+YxgnUnl/nV5UCxZVWsBtEnsnJQgR3NQ/Ol7IYkDKjThWKmebUXaSbDUjHA6M/uxohEmYzykPW/CIiVwQJWTvCzGnZmV1UBKc3vpokqqeMgPZXqERgt19ckEB0pNAzdNBliP1LqXif95vVj7d07CRBRrKsjyIz/mSIcoawZ5TFKi+TQlmEiWLoPICEtMdNqfmbZkr3eySdq1ql2v1p9qpcZ93lcBLuEKbsCGW2jAIzShBQRGMIdXeDPmxrvxYXwuo1tGfucC/sD4+gXUVZtg</latexit>

&

<latexit sha1_base64="RQGW5S7iuzurrQ7VXoffzPebibk="></latexit>

F is potential

<latexit sha1_base64="TKh9bpg9TjHJcvF1CR4X+elx8v8="></latexit>

William H. Sandholm,”Potential Games with Continuous Player Sets,” Journal

of Economic Theory, Volume 97, Issue 1, 2001, Pages 81-108.

<latexit sha1_base64="qa06GV5sLSaogPMwRp4G1/43Dho="></latexit>

THEOREM



Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

<latexit sha1_base64="PcfW8DfF9OdLYhmoZ4QAo55vDs4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEiroRioK4rGAf0JRyM520QyeTMDMRSuzCX3HjQhG3/oY7/8ZJm4W2Hhg4nHMv98zxY86Udpxvq7C0vLK6VlwvbWxube/Yu3tNFSWS0AaJeCTbPijKmaANzTSn7VhSCH1OW/7oOvNbD1QqFol7PY5pN4SBYAEjoI3Usw+8EPSQAE9vJvgSewJ8Djjo2WWn4kyBF4mbkzLKUe/ZX14/IklIhSYclOq4Tqy7KUjNCKeTkpcoGgMZwYB2DBUQUtVNp/kn+NgofRxE0jyh8VT9vZFCqNQ49M1kllbNe5n4n9dJdHDRTZmIE00FmR0KEo51hLMycJ9JSjQfGwJEMpMVkyFIINpUVjIluPNfXiTN04p7VqneVcu1q7yOIjpER+gEuegc1dAtqqMGIugRPaNX9GY9WS/Wu/UxGy1Y+c4++gPr8wfj4pVh</latexit>

F = rf

<latexit sha1_base64="zApfYD7byphJsN4Z5s/6JxmvR8g="></latexit>

Well-behaved protocols & potential games
<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="KJxEZgxK03p4AR0av4DC7O+65UI="></latexit>

x(t) �!
t!1

NE(F) = KKT(f)
<latexit sha1_base64="uCd2GGmV/kouLye1rM9KqY/WF58="></latexit>

Proof:
d
dtf(x(t)) = rf(x(t))0ẋ(t) = p(t)0V(x(t), p(t)),
where p(t) = F(x(t)). ⇤

<latexit sha1_base64="D7niVARhWVGkv0xUrx30Vx0j+fM="></latexit>

Relevant observations:

• No need to precisely know T .

• If f is concave then NE(F) = argmaxx2X f(x).

<latexit sha1_base64="hMH50eebgN3TA//cOdQlk9Ouk30=">AAACDHicbVDLTsJAFL31ifWFunQzETCuSMsCXRLduMREHgk0ZDqdwoTptJmZEknDL7DVD3Fn3PoPfoc/YAtdIHiSSU7OOTNz73EjzpS2rG9ja3tnd2+/cGAeHh2fnBbPztsqjCWhLRLyUHZdrChngrY005x2I0lx4HLacccPmd+ZUKlYKJ71NKJOgIeC+YxgnUnl/nV5UCxZVWsBtEnsnJQgR3NQ/Ol7IYkDKjThWKmebUXaSbDUjHA6M/uxohEmYzykPW/CIiVwQJWTvCzGnZmV1UBKc3vpokqqeMgPZXqERgt19ckEB0pNAzdNBliP1LqXif95vVj7d07CRBRrKsjyIz/mSIcoawZ5TFKi+TQlmEiWLoPICEtMdNqfmbZkr3eySdq1ql2v1p9qpcZ93lcBLuEKbsCGW2jAIzShBQRGMIdXeDPmxrvxYXwuo1tGfucC/sD4+gXUVZtg</latexit>

&



<latexit sha1_base64="Sl5ylPPCo5WAN1wK/NlPQEVM4l8="></latexit>

u : [0,1) ! U
<latexit sha1_base64="lD/NvcQ/lPHz23k+pILVETCMEhk="></latexit>

y : [0,1) ! Y<latexit sha1_base64="O6puAuXmLdF3RYQW3nQ4e8Enwaw="></latexit>

G : u 7! y

<latexit sha1_base64="7Q94i984iBUY1pL+rsn3k9iwcxA="></latexit>

u 2 U and y 2 Y , where U and Y are the input and output sets.
<latexit sha1_base64="89DrAN8jBmqBzxhtj38V6XeCHrY="></latexit>

We assume all elements of U and Y are di↵erentiable a.e.
<latexit sha1_base64="Uxyv9LeFeUyo1XYTQePqPjuhoLw="></latexit>

We assume u(t) and y(t) have the same dimension, so we can write u0(t)y(t)

<latexit sha1_base64="HKfUd6cP88Km4ARS9RwXFw83280="></latexit>

Exploring � passivity

<latexit sha1_base64="Z9AKTGJXLOFVOinbPBwi03XHh10="></latexit>

Fox MJ, Shamma JS. Population Games, Stable Games, and Passivity.
Games. 2013; 4(4):561-583.

<latexit sha1_base64="UnLNDOee1NO2vMai2xORKDsNbV8="></latexit>

inf
T>0,u2U

Z T

0
u̇0(t)ẏ(t)dt > �1

<latexit sha1_base64="je5jqj2es15A/wF2L+Wb7mbV8oc="></latexit>

The system G is �-passive when:



<latexit sha1_base64="6sDjlS77h+5wGYKNamDBNbUUhlI="></latexit>

Allowing Dynamics In Payo↵ Mechanism

<latexit sha1_base64="b1zAyGY0hhhRmTtgfuab/wWOl+0="></latexit>

Dynamics in the payo↵ mechanism allows:

• higher-order learning dynamics.

• modeling information dissemination.

• more flexible design (coupled dynamics).

<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p



<latexit sha1_base64="nyDqmVwAQKYWrJszk/4nW7KOyxk="></latexit>

(x� x̃)T
�
F(x)� F(x̃)

�
 0

<latexit sha1_base64="DOocUEd1x/+eWvhXPmtyaEExQqY="></latexit>

�-passivity (Dynamic Payo↵s)
(Fox & Shamma, 2013)

(Park, Martins, Shamma, tutorial 2019)

(Arcak & Martins, 2021)

<latexit sha1_base64="hpAePBJorsQUhiMnMbgVdD/Cdwc="></latexit>

Contractive Games
(Hofbauer & Sandholm, 2009)

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)

x(0)

p determ
in
istic

payo↵

xm
ea
n
po
pu

la
ti
on

st
at
e

<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="PcfW8DfF9OdLYhmoZ4QAo55vDs4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEiroRioK4rGAf0JRyM520QyeTMDMRSuzCX3HjQhG3/oY7/8ZJm4W2Hhg4nHMv98zxY86Udpxvq7C0vLK6VlwvbWxube/Yu3tNFSWS0AaJeCTbPijKmaANzTSn7VhSCH1OW/7oOvNbD1QqFol7PY5pN4SBYAEjoI3Usw+8EPSQAE9vJvgSewJ8Djjo2WWn4kyBF4mbkzLKUe/ZX14/IklIhSYclOq4Tqy7KUjNCKeTkpcoGgMZwYB2DBUQUtVNp/kn+NgofRxE0jyh8VT9vZFCqNQ49M1kllbNe5n4n9dJdHDRTZmIE00FmR0KEo51hLMycJ9JSjQfGwJEMpMVkyFIINpUVjIluPNfXiTN04p7VqneVcu1q7yOIjpER+gEuegc1dAtqqMGIugRPaNX9GY9WS/Wu/UxGy1Y+c4++gPr8wfj4pVh</latexit>

F = rf

<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="KJxEZgxK03p4AR0av4DC7O+65UI="></latexit>

x(t) �!
t!1

NE(F) = KKT(f)

<latexit sha1_base64="fcpBYZ/OL83EHrTD1/zHA7b5RxA="></latexit>

(Sandholm, 2001)

<latexit sha1_base64="6sDjlS77h+5wGYKNamDBNbUUhlI="></latexit>

Allowing Dynamics In Payo↵ Mechanism

<latexit sha1_base64="b1zAyGY0hhhRmTtgfuab/wWOl+0="></latexit>

Dynamics in the payo↵ mechanism allows:

• higher-order learning dynamics.

• modeling information dissemination.

• more flexible design (coupled dynamics).

<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p



<latexit sha1_base64="6sDjlS77h+5wGYKNamDBNbUUhlI="></latexit>

Allowing Dynamics In Payo↵ Mechanism

<latexit sha1_base64="b1zAyGY0hhhRmTtgfuab/wWOl+0="></latexit>

Dynamics in the payo↵ mechanism allows:

• higher-order learning dynamics.

• modeling information dissemination.

• more flexible design (coupled dynamics).

<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p <latexit sha1_base64="0zpu7z8D4VCnVGKvSUdF8ESwWxU="></latexit>

F(x) := limt!1 p(t),
for limt!1 u(t) = x

<latexit sha1_base64="H1I+cqIF8Q8FoT0OB+AlLTSPIHc="></latexit>

Assuming well-defined F : X ! Rn



<latexit sha1_base64="6sDjlS77h+5wGYKNamDBNbUUhlI="></latexit>

Allowing Dynamics In Payo↵ Mechanism

<latexit sha1_base64="b1zAyGY0hhhRmTtgfuab/wWOl+0="></latexit>

Dynamics in the payo↵ mechanism allows:

• higher-order learning dynamics.

• modeling information dissemination.

• more flexible design (coupled dynamics).

<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p

<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="RNa7SD/vpwpCglm0A1Trd80oeNQ="></latexit>

(EDM) is � passive

<latexit sha1_base64="+60yuRsIfJuZvlEXM/i3jngpamM=">AAACEXicbVDLTgIxFL3jE8cX6tJNIyFxRWZYoEuiG5eYyMPAhHQ6HWjodCZth0gmfAVb/RB3xq1f4Hf4AxaYBYInaXJyzml77/ETzpR2nG9ra3tnd2+/cGAfHh2fnBbPzlsqTiWhTRLzWHZ8rChngjY105x2Eklx5HPa9kf3c789plKxWDzpSUK9CA8ECxnB2kjPWY9phEUw7RdLTsVZAG0SNyclyNHoF396QUzSiApNOFaq6zqJ9jIsNSOcTu1eqmiCyQgPaDcYs0QJHFHlZS+Lmad2eTVgaG4vXVQ2SoDCWJojNFqoq09mOFJqEvkmGWE9VOveXPzP66Y6vPUyJpJUU0GWH4UpRzpG83pQwCQlmk8MwUQyswwiQywx0aZE27TkrneySVrVilur1B6rpfpd3lcBLuEKrsGFG6jDAzSgCQQimMErvFkz6936sD6X0S0rv3MBf2B9/QIWi55M</latexit>

and
<latexit sha1_base64="jsDYVsN+rop/XZJnLuDU2+ixVJg="></latexit>

�F is � passive
<latexit sha1_base64="hMH50eebgN3TA//cOdQlk9Ouk30=">AAACDHicbVDLTsJAFL31ifWFunQzETCuSMsCXRLduMREHgk0ZDqdwoTptJmZEknDL7DVD3Fn3PoPfoc/YAtdIHiSSU7OOTNz73EjzpS2rG9ja3tnd2+/cGAeHh2fnBbPztsqjCWhLRLyUHZdrChngrY005x2I0lx4HLacccPmd+ZUKlYKJ71NKJOgIeC+YxgnUnl/nV5UCxZVWsBtEnsnJQgR3NQ/Ol7IYkDKjThWKmebUXaSbDUjHA6M/uxohEmYzykPW/CIiVwQJWTvCzGnZmV1UBKc3vpokqqeMgPZXqERgt19ckEB0pNAzdNBliP1LqXif95vVj7d07CRBRrKsjyIz/mSIcoawZ5TFKi+TQlmEiWLoPICEtMdNqfmbZkr3eySdq1ql2v1p9qpcZ93lcBLuEKbsCGW2jAIzShBQRGMIdXeDPmxrvxYXwuo1tGfucC/sD4+gXUVZtg</latexit>

&

<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="0zpu7z8D4VCnVGKvSUdF8ESwWxU="></latexit>

F(x) := limt!1 p(t),
for limt!1 u(t) = x

<latexit sha1_base64="H1I+cqIF8Q8FoT0OB+AlLTSPIHc="></latexit>

Assuming well-defined F : X ! Rn

<latexit sha1_base64="JkVRSGihxm+f1CTpNLip949EbxY="></latexit>

S. Park, N. C. Martins and J. S. Shamma, ”From Population Games to Payo↵
Dynamics Models: A Passivity-Based Approac,” 2019 IEEE 58th Conference
on Decision and Control (CDC), Nice, France, 2019, pp. 6584-6601.

<latexit sha1_base64="dDaekMW/dNDvpABt1X5yYERVQFg="></latexit>

x(t) �!
t!1

NE(F)



<latexit sha1_base64="qNDeow3GqTWqPmUdKXmJJhvt4I8="></latexit>

�-Passivity And Coupling With Exogenous Dynamics

<latexit sha1_base64="W4Odk6f3tQziFdRrkIrAtYlkbzk="></latexit>

Coupled Dynamics

<latexit sha1_base64="hW7HGco6fd1fhxukrdot0inwMqY="></latexit>y

<latexit sha1_base64="qZq1zKdOhWdF6W13aCjn5Xey2QQ="></latexit>

q̇(t) =G(q(t), u(t), y(t))
p(t) =H(q(t), u(t), y(t))

<latexit sha1_base64="ckYjJQfEH9iAD4yXSYeoHAnHXJM="></latexit>

ẏ(t) = D(y(t), x(t))

<latexit sha1_base64="hs78Or9/34bxmngDzID1Pi1o2S8="></latexit>

Goal: Given D and ”some structural knowledge” of V,
design G and H for which (x, y, q) is guaranteed to converge to
a desirable equilibrium set E⇤.



<latexit sha1_base64="qNDeow3GqTWqPmUdKXmJJhvt4I8="></latexit>

�-Passivity And Coupling With Exogenous Dynamics

<latexit sha1_base64="W4Odk6f3tQziFdRrkIrAtYlkbzk="></latexit>

Coupled Dynamics

<latexit sha1_base64="hW7HGco6fd1fhxukrdot0inwMqY="></latexit>y

<latexit sha1_base64="qZq1zKdOhWdF6W13aCjn5Xey2QQ="></latexit>

q̇(t) =G(q(t), u(t), y(t))
p(t) =H(q(t), u(t), y(t))

<latexit sha1_base64="ckYjJQfEH9iAD4yXSYeoHAnHXJM="></latexit>

ẏ(t) = D(y(t), x(t))

<latexit sha1_base64="hs78Or9/34bxmngDzID1Pi1o2S8="></latexit>

Goal: Given D and ”some structural knowledge” of V,
design G and H for which (x, y, q) is guaranteed to converge to
a desirable equilibrium set E⇤.

<latexit sha1_base64="PUjsmarxCUDcBn0QTdykxQFGnjo="></latexit>

Progress made:

• N. C. Martins, J. Certorio, R. J. La,” Epidemic population
games and evolutionary dynamics,” Automatica, Volume 153,
2023. Discussed in last year’s review.

• J. Certorio, N. C. Martins and R. J. La, ”Epidemic Population
Games With Nonnegligible Disease Death Rate,” in IEEE Con-
trol Systems Letters, vol. 6, pp. 3229-3234, 2022.

• J. Certorio, N. C. Martins, R. J. La, M. Arcak, ”Incentive De-
signs for Learning Agents to Stabilize Coupled Exogenous Sys-
tems,” to appear at CDC’24.



<latexit sha1_base64="2ixlXsKg8C4EO0CVWvnFlpfR8xI="></latexit>

Generality of �-passive learning rules

<latexit sha1_base64="QyvTBGJgt1/xjdEVv96VV3T7hDA="></latexit>

Good news:
<latexit sha1_base64="yx6/7KRIBHsbQ8DF57P8UI+aPSw="></latexit>

• �-passive rules form large convex cones.

– Include common hybrid rules.

• The cones include the best response rule.



<latexit sha1_base64="2ixlXsKg8C4EO0CVWvnFlpfR8xI="></latexit>

Generality of �-passive learning rules

<latexit sha1_base64="QyvTBGJgt1/xjdEVv96VV3T7hDA="></latexit>

Good news:

<latexit sha1_base64="3N8uPB5z09ii5EG8zgPkg8zoiL4="></latexit>

Remaining challenge:

<latexit sha1_base64="yx6/7KRIBHsbQ8DF57P8UI+aPSw="></latexit>

• �-passive rules form large convex cones.

– Include common hybrid rules.

• The cones include the best response rule.

<latexit sha1_base64="a/WzIQzoszNFa+tt2nAhYUuMco0="></latexit>

�-passivity
<latexit sha1_base64="Qy23Ebb1NfREJ9BQ9N8BINtCROQ="></latexit> =
)

<latexit sha1_base64="O7VzQYADGnc7b6krC52sr3zSTG0="></latexit>6=)

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0



<latexit sha1_base64="2ixlXsKg8C4EO0CVWvnFlpfR8xI="></latexit>

Generality of �-passive learning rules

<latexit sha1_base64="QyvTBGJgt1/xjdEVv96VV3T7hDA="></latexit>

Good news:

<latexit sha1_base64="3N8uPB5z09ii5EG8zgPkg8zoiL4="></latexit>

Remaining challenge:

<latexit sha1_base64="yx6/7KRIBHsbQ8DF57P8UI+aPSw="></latexit>

• �-passive rules form large convex cones.

– Include common hybrid rules.

• The cones include the best response rule.

<latexit sha1_base64="a/WzIQzoszNFa+tt2nAhYUuMco0="></latexit>

�-passivity
<latexit sha1_base64="Qy23Ebb1NfREJ9BQ9N8BINtCROQ="></latexit> =
)

<latexit sha1_base64="O7VzQYADGnc7b6krC52sr3zSTG0="></latexit>6=)

<latexit sha1_base64="TcaFhcgmmWNlND8GJ8D2YMFwYQY="></latexit>

S. Park, J. S. Shamma and N. C. Martins, ”Passivity and Evolutionary Game
Dynamics,” 2018 IEEE Conference on Decision and Control (CDC), Miami, FL,
USA, 2018, pp. 3553-3560

<latexit sha1_base64="qFNDjekEIM/gOKiPK9XDum3Ubvw="></latexit>

Replicator rule is not �-passive

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="Ar9uKVzMjjJLVgbqVfY6ZoJ+Tc0="></latexit>

M. A. Mabrok, ”Passivity Analysis of Replicator Dynamics and Its Variations,”
in IEEE Transactions on Automatic Control, vol. 66, no. 8, pp. 3879-3884,
Aug. 2021. <latexit sha1_base64="UoadJKxlCItSLo6njrokUuloywY="></latexit>

Replicator rule is Equilibrium Independent Passive

(Hines, Arcak, Packard, Automatica’11).



<latexit sha1_base64="3N8uPB5z09ii5EG8zgPkg8zoiL4="></latexit>

Remaining challenge:

<latexit sha1_base64="yx6/7KRIBHsbQ8DF57P8UI+aPSw="></latexit>

• �-passive rules form large convex cones.

– Include common hybrid rules.

• The cones include the best response rule.

<latexit sha1_base64="2ixlXsKg8C4EO0CVWvnFlpfR8xI="></latexit>

Generality of �-passive learning rules

<latexit sha1_base64="QyvTBGJgt1/xjdEVv96VV3T7hDA="></latexit>

Good news:

<latexit sha1_base64="YZGcFaCN5H/qa29x/fY7pG07GJo="></latexit>

Positive correlation

<latexit sha1_base64="a/WzIQzoszNFa+tt2nAhYUuMco0="></latexit>

�-passivity
<latexit sha1_base64="Qy23Ebb1NfREJ9BQ9N8BINtCROQ="></latexit> =
)

<latexit sha1_base64="O7VzQYADGnc7b6krC52sr3zSTG0="></latexit>6=)

<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="vjaW9oGDdgz0l4l89WszNrRcDnQ="></latexit>

Well-behaved learning rules satisfy:

<latexit sha1_base64="I4Att2GPMkzyRhoCO5L/8xk84Ng="></latexit>

�-passivity does not hold
for all well-behaved rules.

<latexit sha1_base64="TcaFhcgmmWNlND8GJ8D2YMFwYQY="></latexit>

S. Park, J. S. Shamma and N. C. Martins, ”Passivity and Evolutionary Game
Dynamics,” 2018 IEEE Conference on Decision and Control (CDC), Miami, FL,
USA, 2018, pp. 3553-3560

<latexit sha1_base64="qFNDjekEIM/gOKiPK9XDum3Ubvw="></latexit>

Replicator rule is not �-passive
<latexit sha1_base64="Ar9uKVzMjjJLVgbqVfY6ZoJ+Tc0="></latexit>

M. A. Mabrok, ”Passivity Analysis of Replicator Dynamics and Its Variations,”
in IEEE Transactions on Automatic Control, vol. 66, no. 8, pp. 3879-3884,
Aug. 2021. <latexit sha1_base64="UoadJKxlCItSLo6njrokUuloywY="></latexit>

Replicator rule is Equilibrium Independent Passive

(Hines, Arcak, Packard, Automatica’11).



<latexit sha1_base64="jRdd/NESJroIpXHqE9REXoPdzts="></latexit>

Exploring Counterclockwise Dissipativity

<latexit sha1_base64="nyDqmVwAQKYWrJszk/4nW7KOyxk="></latexit>

(x� x̃)T
�
F(x)� F(x̃)

�
 0

<latexit sha1_base64="DOocUEd1x/+eWvhXPmtyaEExQqY="></latexit>

�-passivity (Dynamic Payo↵s)
(Fox & Shamma, 2013)

(Park, Martins, Shamma, tutorial 2019)

(Arcak & Martins, 2021)

<latexit sha1_base64="hpAePBJorsQUhiMnMbgVdD/Cdwc="></latexit>

Contractive Games
(Hofbauer & Sandholm, 2009)

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)

x(0)

p determ
in
istic

payo↵

xm
ea
n
po
pu

la
ti
on

st
at
e

<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="PcfW8DfF9OdLYhmoZ4QAo55vDs4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEiroRioK4rGAf0JRyM520QyeTMDMRSuzCX3HjQhG3/oY7/8ZJm4W2Hhg4nHMv98zxY86Udpxvq7C0vLK6VlwvbWxube/Yu3tNFSWS0AaJeCTbPijKmaANzTSn7VhSCH1OW/7oOvNbD1QqFol7PY5pN4SBYAEjoI3Usw+8EPSQAE9vJvgSewJ8Djjo2WWn4kyBF4mbkzLKUe/ZX14/IklIhSYclOq4Tqy7KUjNCKeTkpcoGgMZwYB2DBUQUtVNp/kn+NgofRxE0jyh8VT9vZFCqNQ49M1kllbNe5n4n9dJdHDRTZmIE00FmR0KEo51hLMycJ9JSjQfGwJEMpMVkyFIINpUVjIluPNfXiTN04p7VqneVcu1q7yOIjpER+gEuegc1dAtqqMGIugRPaNX9GY9WS/Wu/UxGy1Y+c4++gPr8wfj4pVh</latexit>

F = rf

<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="KJxEZgxK03p4AR0av4DC7O+65UI="></latexit>

x(t) �!
t!1

NE(F) = KKT(f)

<latexit sha1_base64="fcpBYZ/OL83EHrTD1/zHA7b5RxA="></latexit>

(Sandholm, 2001)



<latexit sha1_base64="jRdd/NESJroIpXHqE9REXoPdzts="></latexit>

Exploring Counterclockwise Dissipativity

<latexit sha1_base64="Sl5ylPPCo5WAN1wK/NlPQEVM4l8="></latexit>

u : [0,1) ! U
<latexit sha1_base64="lD/NvcQ/lPHz23k+pILVETCMEhk="></latexit>

y : [0,1) ! Y<latexit sha1_base64="O6puAuXmLdF3RYQW3nQ4e8Enwaw="></latexit>

G : u 7! y

<latexit sha1_base64="7Q94i984iBUY1pL+rsn3k9iwcxA="></latexit>

u 2 U and y 2 Y , where U and Y are the input and output sets.
<latexit sha1_base64="89DrAN8jBmqBzxhtj38V6XeCHrY="></latexit>

We assume all elements of U and Y are di↵erentiable a.e.

<latexit sha1_base64="Dmp1HDebmS5bCOtljCmGhYTPFsI="></latexit>

The system G is counterclockwise dissipative (CCW) when:
<latexit sha1_base64="f8f6gX5qiyvo4xHpb4VXlgH0Uco="></latexit>

inf
T>0,u2U

Z T

0
u0(t)ẏ(t)dt > �1

<latexit sha1_base64="Uxyv9LeFeUyo1XYTQePqPjuhoLw="></latexit>

We assume u(t) and y(t) have the same dimension, so we can write u0(t)y(t)

<latexit sha1_base64="xyR2+nknVyutPXrNFZyLrP/QHJs="></latexit>

D. Angeli, ”Systems with counterclockwise input-output dynamics,” in IEEE

Transactions on Automatic Control, vol. 51, no. 7, pp. 1130-1143, July 2006.



<latexit sha1_base64="jRdd/NESJroIpXHqE9REXoPdzts="></latexit>

Exploring Counterclockwise Dissipativity

<latexit sha1_base64="Sl5ylPPCo5WAN1wK/NlPQEVM4l8="></latexit>

u : [0,1) ! U
<latexit sha1_base64="lD/NvcQ/lPHz23k+pILVETCMEhk="></latexit>

y : [0,1) ! Y<latexit sha1_base64="O6puAuXmLdF3RYQW3nQ4e8Enwaw="></latexit>

G : u 7! y

<latexit sha1_base64="7Q94i984iBUY1pL+rsn3k9iwcxA="></latexit>

u 2 U and y 2 Y , where U and Y are the input and output sets.
<latexit sha1_base64="89DrAN8jBmqBzxhtj38V6XeCHrY="></latexit>

We assume all elements of U and Y are di↵erentiable a.e.
<latexit sha1_base64="Uxyv9LeFeUyo1XYTQePqPjuhoLw="></latexit>

We assume u(t) and y(t) have the same dimension, so we can write u0(t)y(t)

<latexit sha1_base64="NCxMo9aio676zYYLeEFGMyl+9VU="></latexit>

A. Lanzon and I. R. Petersen, ”Stability Robustness of a Feedback Intercon-

nection of Systems With Negative Imaginary Frequency Response,” in IEEE

Transactions on Automatic Control, vol. 53, no. 4, pp. 1042-1046, May 2008.

<latexit sha1_base64="BlJ2piEMPPVtOnPUUU+PGHg6aJc="></latexit>

A linear time invariant system G with rational, proper and stable transfer func-
tion matrix G(s) is negative imaginary (NI) when:

<latexit sha1_base64="JmkxPF3fADfj54sXwztkMERl8JE="></latexit>

j
⇣
G(jw)�G0(�jw)

⌘
⌫ 0.

<latexit sha1_base64="dFBo63WFkfS0m7zfgTMBwYG8BsE="></latexit>

An NI system is CCW.



<latexit sha1_base64="jRdd/NESJroIpXHqE9REXoPdzts="></latexit>

Exploring Counterclockwise Dissipativity

<latexit sha1_base64="c3MLlCwO/rUAeX2J76UUGbR1DiY="></latexit>

Input and output sets
<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p



<latexit sha1_base64="jRdd/NESJroIpXHqE9REXoPdzts="></latexit>

Exploring Counterclockwise Dissipativity

<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="vjaW9oGDdgz0l4l89WszNrRcDnQ="></latexit>

Well-behaved learning rules satisfy:

<latexit sha1_base64="c3MLlCwO/rUAeX2J76UUGbR1DiY="></latexit>

Input and output sets

<latexit sha1_base64="z2yVxJ5wvQtEBf/HcOBE/x4d2do="></latexit>

inf
T>0,p2P

Z T

0
p0(t)ẋ(t)dt � 0

<latexit sha1_base64="aOabQik/cCSBHGOqsMTBu1va1RQ="></latexit>

Any well-behaved rule
leads to a CCW (EDM).

<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p



<latexit sha1_base64="jRdd/NESJroIpXHqE9REXoPdzts="></latexit>

Exploring Counterclockwise Dissipativity

<latexit sha1_base64="c3MLlCwO/rUAeX2J76UUGbR1DiY="></latexit>

Input and output sets

<latexit sha1_base64="qHpRIHkkNgzTDiUI5z6X6C3XzP0="></latexit>

A payo↵ mechanism F is CCW when the following holds:

<latexit sha1_base64="WTBgZZPrQ7SS2dK/0SJwjgLsy6k="></latexit>

inf
T>0,x2X

Z T

0
x0(t)ṗ(d)dt > �1

<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p



<latexit sha1_base64="7b2tgQxjjmyTXkMJUgRN9knjB3A="></latexit>

CCW F and Well-Behaved Rules: Main Result

<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="hMH50eebgN3TA//cOdQlk9Ouk30=">AAACDHicbVDLTsJAFL31ifWFunQzETCuSMsCXRLduMREHgk0ZDqdwoTptJmZEknDL7DVD3Fn3PoPfoc/YAtdIHiSSU7OOTNz73EjzpS2rG9ja3tnd2+/cGAeHh2fnBbPztsqjCWhLRLyUHZdrChngrY005x2I0lx4HLacccPmd+ZUKlYKJ71NKJOgIeC+YxgnUnl/nV5UCxZVWsBtEnsnJQgR3NQ/Ol7IYkDKjThWKmebUXaSbDUjHA6M/uxohEmYzykPW/CIiVwQJWTvCzGnZmV1UBKc3vpokqqeMgPZXqERgt19ckEB0pNAzdNBliP1LqXif95vVj7d07CRBRrKsjyIz/mSIcoawZ5TFKi+TQlmEiWLoPICEtMdNqfmbZkr3eySdq1ql2v1p9qpcZ93lcBLuEKbsCGW2jAIzShBQRGMIdXeDPmxrvxYXwuo1tGfucC/sD4+gXUVZtg</latexit>

&

<latexit sha1_base64="bcxUeWMdNOOeE7wX3/LXW0iIu2s="></latexit>

Well-behaved rules:

<latexit sha1_base64="/oukovLaPTBDSE4Y1ZJ48xFHskg=">AAACHnicbVBLTwIxGOz6xPWFevTSSEg8GLLLAT0SDQkXIxpeCWxIt3Shodtd2y6RbPgdXvHPeDNe9b94sAt7QHCSJpOZ+b6244aMSmVZ38bG5tb2zm5mz9w/ODw6zp6cNmUQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTlju4SvzUmQtKA19UkJI6PBpx6FCOlJSfuuh6sVysPT5X7aS+bswrWHHCd2CnJgRS1Xvan2w9w5BOuMENSdmwrVE6MhKKYkanZjSQJER6hAen0xzSUHPlEOvHL/N1TM78c0DS1Fy7Ma6UPvUDowxWcq8srY+RLOfHdKx+poZCe1CMJlauhRPzP60TKu3FiysNIEY4XN3oRgyqASVewTwXBik00QVhQ/SuIh0ggrHSjpq7LXi1nnTSLBbtUKD0Wc+XbtLgMOAcX4BLY4BqUQRXUQANg8AxewQy8GTPj3fgwPhfRDSOdOQN/YHz9Avaxowo=</latexit>

THEOREM

<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p

<latexit sha1_base64="8wNoknZHpvdbcxEI1Up39eoHbMo="></latexit>

F is CCW

<latexit sha1_base64="dDaekMW/dNDvpABt1X5yYERVQFg="></latexit>

x(t) �!
t!1

NE(F)



<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="Q+oT2IWU0Y6668vX3MoO5bSSYTE="></latexit>

well-behaved
(EDM)

<latexit sha1_base64="O0VGndrqMUUetgiSMNRG5xd30Gc=">AAACHXicbVDLTgIxFO3gC8cX6tJNIyFxYcgMC3RJdOMSEwETZkI6nQ40dB5p7xDJhN9wiz/jzrg1/osLOzALBE/S5OScc2/b4yWCK7Csb6O0tb2zu1feNw8Oj45PKqdnXRWnkrIOjUUsnz2imOAR6wAHwZ4TyUjoCdbzxve535swqXgcPcE0YW5IhhEPOCWgJSdzOGAZe6mC2aBSterWAniT2AWpogLtQeXH8WOahiwCKohSfdtKwM2IBE4Fm5lOqlhC6JgMWd+f8ERFJGTKzV4Wz56ZtdWApoW9dHFNKz4OYqlPBHihrq7MSKjUNPSuQwIjqQKlR3Kq1kO5+J/XTyG4dTMeJSmwiC5vDFKBIcZ5VdjnklEQU00IlVz/CtMRkYSCLtTUddnr5WySbqNuN+vNx0a1dVcUV0YX6BJdIRvdoBZ6QG3UQRQl6BXN0ZsxN96ND+NzGS0Zxcw5+gPj6xfeBqOg</latexit>

robust

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)

x(0)

p determ
in
istic

payo↵

xm
ea
n
po
pu

la
ti
on

st
at
e

<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="Qx26RRBTwIl5wo0W5TOsu9aVr/c="></latexit>

CCW Payo↵ Mechanisms: Memoryless Case

<latexit sha1_base64="pShgzFUBWMF1AYlBzvC6HrvhgDM="></latexit>

potential
games

<latexit sha1_base64="dDaekMW/dNDvpABt1X5yYERVQFg="></latexit>

x(t) �!
t!1

NE(F)



<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="qAENBmCkSzY+NzzFF04AFpbDpYQ="></latexit>

contractive
games

<latexit sha1_base64="Q+oT2IWU0Y6668vX3MoO5bSSYTE="></latexit>

well-behaved
(EDM)

<latexit sha1_base64="txVVymlUDhDn32/b02Yk7xceSWo="></latexit>

�-passive
(EDM)

<latexit sha1_base64="sY0uhX8vkFnYpqWo6wlnW4jOgw4=">AAACI3icbVDLTgIxFO3gC/E16tJNIyFxYcgMC3RJdOMSE3kkQEindKCh87C9JZIJf+IWf8adcePCP3FhB2aB4EmanJxz7m17vFhwBY7zZeW2tnd29/L7hYPDo+MT+/SsqSItKWvQSESy7RHFBA9ZAzgI1o4lI4EnWMsb36d+a8Kk4lH4BNOY9QIyDLnPKQEj9W076XLA2uPPmkOk1axvF52yswDeJG5GiihDvW//dAcR1QELgQqiVMd1YuglRAKngs0KXa1YTOiYDFlnMOGxCknAVC95WTx+ViitBgzN7KWLS0YZYD+S5oSAF+rqyoQESk0D7zogMJLKV2YkpWo9lIr/eR0N/m0v4WGsgYV0eaOvBYYIp4XhAZeMgpgaQqjk5leYjogkFEytBVOXu17OJmlWym61XH2sFGt3WXF5dIEu0RVy0Q2qoQdURw1E0QS9ojl6s+bWu/VhfS6jOSubOUd/YH3/Au3CpbQ=</latexit>

ubiquitous<latexit sha1_base64="O0VGndrqMUUetgiSMNRG5xd30Gc=">AAACHXicbVDLTgIxFO3gC8cX6tJNIyFxYcgMC3RJdOMSEwETZkI6nQ40dB5p7xDJhN9wiz/jzrg1/osLOzALBE/S5OScc2/b4yWCK7Csb6O0tb2zu1feNw8Oj45PKqdnXRWnkrIOjUUsnz2imOAR6wAHwZ4TyUjoCdbzxve535swqXgcPcE0YW5IhhEPOCWgJSdzOGAZe6mC2aBSterWAniT2AWpogLtQeXH8WOahiwCKohSfdtKwM2IBE4Fm5lOqlhC6JgMWd+f8ERFJGTKzV4Wz56ZtdWApoW9dHFNKz4OYqlPBHihrq7MSKjUNPSuQwIjqQKlR3Kq1kO5+J/XTyG4dTMeJSmwiC5vDFKBIcZ5VdjnklEQU00IlVz/CtMRkYSCLtTUddnr5WySbqNuN+vNx0a1dVcUV0YX6BJdIRvdoBZ6QG3UQRQl6BXN0ZsxN96ND+NzGS0Zxcw5+gPj6xfeBqOg</latexit>

robust

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)

x(0)

p determ
in
istic

payo↵

xm
ea
n
po
pu
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st
at
e

<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="Qx26RRBTwIl5wo0W5TOsu9aVr/c="></latexit>

CCW Payo↵ Mechanisms: Memoryless Case

<latexit sha1_base64="pShgzFUBWMF1AYlBzvC6HrvhgDM="></latexit>

potential
games

<latexit sha1_base64="dDaekMW/dNDvpABt1X5yYERVQFg="></latexit>

x(t) �!
t!1

NE(F)



<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="qAENBmCkSzY+NzzFF04AFpbDpYQ="></latexit>

contractive
games

<latexit sha1_base64="Q+oT2IWU0Y6668vX3MoO5bSSYTE="></latexit>

well-behaved
(EDM)

<latexit sha1_base64="txVVymlUDhDn32/b02Yk7xceSWo="></latexit>

�-passive
(EDM)

<latexit sha1_base64="sY0uhX8vkFnYpqWo6wlnW4jOgw4=">AAACI3icbVDLTgIxFO3gC/E16tJNIyFxYcgMC3RJdOMSE3kkQEindKCh87C9JZIJf+IWf8adcePCP3FhB2aB4EmanJxz7m17vFhwBY7zZeW2tnd29/L7hYPDo+MT+/SsqSItKWvQSESy7RHFBA9ZAzgI1o4lI4EnWMsb36d+a8Kk4lH4BNOY9QIyDLnPKQEj9W076XLA2uPPmkOk1axvF52yswDeJG5GiihDvW//dAcR1QELgQqiVMd1YuglRAKngs0KXa1YTOiYDFlnMOGxCknAVC95WTx+ViitBgzN7KWLS0YZYD+S5oSAF+rqyoQESk0D7zogMJLKV2YkpWo9lIr/eR0N/m0v4WGsgYV0eaOvBYYIp4XhAZeMgpgaQqjk5leYjogkFEytBVOXu17OJmlWym61XH2sFGt3WXF5dIEu0RVy0Q2qoQdURw1E0QS9ojl6s+bWu/VhfS6jOSubOUd/YH3/Au3CpbQ=</latexit>

ubiquitous<latexit sha1_base64="O0VGndrqMUUetgiSMNRG5xd30Gc=">AAACHXicbVDLTgIxFO3gC8cX6tJNIyFxYcgMC3RJdOMSEwETZkI6nQ40dB5p7xDJhN9wiz/jzrg1/osLOzALBE/S5OScc2/b4yWCK7Csb6O0tb2zu1feNw8Oj45PKqdnXRWnkrIOjUUsnz2imOAR6wAHwZ4TyUjoCdbzxve535swqXgcPcE0YW5IhhEPOCWgJSdzOGAZe6mC2aBSterWAniT2AWpogLtQeXH8WOahiwCKohSfdtKwM2IBE4Fm5lOqlhC6JgMWd+f8ERFJGTKzV4Wz56ZtdWApoW9dHFNKz4OYqlPBHihrq7MSKjUNPSuQwIjqQKlR3Kq1kO5+J/XTyG4dTMeJSmwiC5vDFKBIcZ5VdjnklEQU00IlVz/CtMRkYSCLtTUddnr5WySbqNuN+vNx0a1dVcUV0YX6BJdIRvdoBZ6QG3UQRQl6BXN0ZsxN96ND+NzGS0Zxcw5+gPj6xfeBqOg</latexit>

robust

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="Qx26RRBTwIl5wo0W5TOsu9aVr/c="></latexit>

CCW Payo↵ Mechanisms: Memoryless Case

<latexit sha1_base64="pShgzFUBWMF1AYlBzvC6HrvhgDM="></latexit>

potential
games

<latexit sha1_base64="WTBgZZPrQ7SS2dK/0SJwjgLsy6k="></latexit>

inf
T>0,x2X

Z T

0
x0(t)ṗ(d)dt > �1

<latexit sha1_base64="esd7w4HjaohWhyWkVs+MQt5fEt0="></latexit>

A payo↵ mechanism F is CCW
when the following holds:

<latexit sha1_base64="dDaekMW/dNDvpABt1X5yYERVQFg="></latexit>

x(t) �!
t!1

NE(F)



<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="qAENBmCkSzY+NzzFF04AFpbDpYQ="></latexit>

contractive
games

<latexit sha1_base64="Q+oT2IWU0Y6668vX3MoO5bSSYTE="></latexit>

well-behaved
(EDM)

<latexit sha1_base64="txVVymlUDhDn32/b02Yk7xceSWo="></latexit>

�-passive
(EDM)

<latexit sha1_base64="sY0uhX8vkFnYpqWo6wlnW4jOgw4=">AAACI3icbVDLTgIxFO3gC/E16tJNIyFxYcgMC3RJdOMSE3kkQEindKCh87C9JZIJf+IWf8adcePCP3FhB2aB4EmanJxz7m17vFhwBY7zZeW2tnd29/L7hYPDo+MT+/SsqSItKWvQSESy7RHFBA9ZAzgI1o4lI4EnWMsb36d+a8Kk4lH4BNOY9QIyDLnPKQEj9W076XLA2uPPmkOk1axvF52yswDeJG5GiihDvW//dAcR1QELgQqiVMd1YuglRAKngs0KXa1YTOiYDFlnMOGxCknAVC95WTx+ViitBgzN7KWLS0YZYD+S5oSAF+rqyoQESk0D7zogMJLKV2YkpWo9lIr/eR0N/m0v4WGsgYV0eaOvBYYIp4XhAZeMgpgaQqjk5leYjogkFEytBVOXu17OJmlWym61XH2sFGt3WXF5dIEu0RVy0Q2qoQdURw1E0QS9ojl6s+bWu/VhfS6jOSubOUd/YH3/Au3CpbQ=</latexit>

ubiquitous<latexit sha1_base64="O0VGndrqMUUetgiSMNRG5xd30Gc=">AAACHXicbVDLTgIxFO3gC8cX6tJNIyFxYcgMC3RJdOMSEwETZkI6nQ40dB5p7xDJhN9wiz/jzrg1/osLOzALBE/S5OScc2/b4yWCK7Csb6O0tb2zu1feNw8Oj45PKqdnXRWnkrIOjUUsnz2imOAR6wAHwZ4TyUjoCdbzxve535swqXgcPcE0YW5IhhEPOCWgJSdzOGAZe6mC2aBSterWAniT2AWpogLtQeXH8WOahiwCKohSfdtKwM2IBE4Fm5lOqlhC6JgMWd+f8ERFJGTKzV4Wz56ZtdWApoW9dHFNKz4OYqlPBHihrq7MSKjUNPSuQwIjqQKlR3Kq1kO5+J/XTyG4dTMeJSmwiC5vDFKBIcZ5VdjnklEQU00IlVz/CtMRkYSCLtTUddnr5WySbqNuN+vNx0a1dVcUV0YX6BJdIRvdoBZ6QG3UQRQl6BXN0ZsxN96ND+NzGS0Zxcw5+gPj6xfeBqOg</latexit>

robust

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="Qx26RRBTwIl5wo0W5TOsu9aVr/c="></latexit>

CCW Payo↵ Mechanisms: Memoryless Case

<latexit sha1_base64="pShgzFUBWMF1AYlBzvC6HrvhgDM="></latexit>

potential
games

<latexit sha1_base64="ugY9LAFf2/pY9wl07EnaSYLJcYI="></latexit>

Where are CCW
memoryless payo↵
mechanism in this
picture?

<latexit sha1_base64="dDaekMW/dNDvpABt1X5yYERVQFg="></latexit>

x(t) �!
t!1

NE(F)



<latexit sha1_base64="dDaekMW/dNDvpABt1X5yYERVQFg="></latexit>

x(t) �!
t!1

NE(F)

<latexit sha1_base64="ugY9LAFf2/pY9wl07EnaSYLJcYI="></latexit>

Where are CCW
memoryless payo↵
mechanism in this
picture?

<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="txVVymlUDhDn32/b02Yk7xceSWo="></latexit>

�-passive
(EDM)

<latexit sha1_base64="Q+oT2IWU0Y6668vX3MoO5bSSYTE="></latexit>

well-behaved
(EDM)

<latexit sha1_base64="sY0uhX8vkFnYpqWo6wlnW4jOgw4=">AAACI3icbVDLTgIxFO3gC/E16tJNIyFxYcgMC3RJdOMSE3kkQEindKCh87C9JZIJf+IWf8adcePCP3FhB2aB4EmanJxz7m17vFhwBY7zZeW2tnd29/L7hYPDo+MT+/SsqSItKWvQSESy7RHFBA9ZAzgI1o4lI4EnWMsb36d+a8Kk4lH4BNOY9QIyDLnPKQEj9W076XLA2uPPmkOk1axvF52yswDeJG5GiihDvW//dAcR1QELgQqiVMd1YuglRAKngs0KXa1YTOiYDFlnMOGxCknAVC95WTx+ViitBgzN7KWLS0YZYD+S5oSAF+rqyoQESk0D7zogMJLKV2YkpWo9lIr/eR0N/m0v4WGsgYV0eaOvBYYIp4XhAZeMgpgaQqjk5leYjogkFEytBVOXu17OJmlWym61XH2sFGt3WXF5dIEu0RVy0Q2qoQdURw1E0QS9ojl6s+bWu/VhfS6jOSubOUd/YH3/Au3CpbQ=</latexit>

ubiquitous

<latexit sha1_base64="qAENBmCkSzY+NzzFF04AFpbDpYQ="></latexit>

contractive
games

<latexit sha1_base64="QMjLTEFXHakR46+LLI67dxTbspc="></latexit>

potential
games

<latexit sha1_base64="O0VGndrqMUUetgiSMNRG5xd30Gc=">AAACHXicbVDLTgIxFO3gC8cX6tJNIyFxYcgMC3RJdOMSEwETZkI6nQ40dB5p7xDJhN9wiz/jzrg1/osLOzALBE/S5OScc2/b4yWCK7Csb6O0tb2zu1feNw8Oj45PKqdnXRWnkrIOjUUsnz2imOAR6wAHwZ4TyUjoCdbzxve535swqXgcPcE0YW5IhhEPOCWgJSdzOGAZe6mC2aBSterWAniT2AWpogLtQeXH8WOahiwCKohSfdtKwM2IBE4Fm5lOqlhC6JgMWd+f8ERFJGTKzV4Wz56ZtdWApoW9dHFNKz4OYqlPBHihrq7MSKjUNPSuQwIjqQKlR3Kq1kO5+J/XTyG4dTMeJSmwiC5vDFKBIcZ5VdjnklEQU00IlVz/CtMRkYSCLtTUddnr5WySbqNuN+vNx0a1dVcUV0YX6BJdIRvdoBZ6QG3UQRQl6BXN0ZsxN96ND+NzGS0Zxcw5+gPj6xfeBqOg</latexit>

robust

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

mean dynamics
<latexit sha1_base64="1nJ+G7C5qIdmnFs8lw9egIjDqrk="></latexit>

<latexit sha1_base64="aU63lwFBuwTlxWdcDDs7d6oapls="></latexit>

Theorem: A game is CCW if and only if it is potential

<latexit sha1_base64="Qx26RRBTwIl5wo0W5TOsu9aVr/c="></latexit>

CCW Payo↵ Mechanisms: Memoryless Case



<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="txVVymlUDhDn32/b02Yk7xceSWo="></latexit>

�-passive
(EDM)

<latexit sha1_base64="y7k8ltXMfdTxuDWfrxLCHkeZFzU="></latexit>

CCW Payo↵ Mechanisms: Dynamic Case

<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p

<latexit sha1_base64="DasrAGG+neVa6xNka41Ps7GW59A="></latexit>

�F is �-passive

<latexit sha1_base64="dDaekMW/dNDvpABt1X5yYERVQFg="></latexit>

x(t) �!
t!1

NE(F)



<latexit sha1_base64="aJjnpgxkpkZJ7p6O8Wy2/48PicI="></latexit>

evolutionary Nash equilibrium learning

<latexit sha1_base64="txVVymlUDhDn32/b02Yk7xceSWo="></latexit>

�-passive
(EDM)

<latexit sha1_base64="Q+oT2IWU0Y6668vX3MoO5bSSYTE="></latexit>

well-behaved
(EDM)

<latexit sha1_base64="y7k8ltXMfdTxuDWfrxLCHkeZFzU="></latexit>

CCW Payo↵ Mechanisms: Dynamic Case

<latexit sha1_base64="3HW6l3+RIOwdOnpRqAtegjvaBGw="></latexit>

F : x 7! p <latexit sha1_base64="0Ib6EoVxztSve+RPXdzYJlsjf/o="></latexit>

CCW F
<latexit sha1_base64="DasrAGG+neVa6xNka41Ps7GW59A="></latexit>

�F is �-passive
<latexit sha1_base64="TLsUfs+QPehtilA1FSsFpl2Ifs0="></latexit>

Set of CCW
F is a convex
cone.

<latexit sha1_base64="WTBgZZPrQ7SS2dK/0SJwjgLsy6k="></latexit>

inf
T>0,x2X

Z T

0
x0(t)ṗ(d)dt > �1

<latexit sha1_base64="esd7w4HjaohWhyWkVs+MQt5fEt0="></latexit>

A payo↵ mechanism F is CCW
when the following holds:

<latexit sha1_base64="dDaekMW/dNDvpABt1X5yYERVQFg="></latexit>

x(t) �!
t!1

NE(F)



<latexit sha1_base64="y7k8ltXMfdTxuDWfrxLCHkeZFzU="></latexit>

CCW Payo↵ Mechanisms: Dynamic Case

<latexit sha1_base64="WTBgZZPrQ7SS2dK/0SJwjgLsy6k="></latexit>

inf
T>0,x2X

Z T

0
x0(t)ṗ(d)dt > �1

<latexit sha1_base64="esd7w4HjaohWhyWkVs+MQt5fEt0="></latexit>

A payo↵ mechanism F is CCW
when the following holds:

<latexit sha1_base64="RsMyirFoyldhZM7pAw0YAdzNeo0="></latexit>

Set of CCW F is a convex cone.
<latexit sha1_base64="jTihinC2hj8IAPnA6TH2BPjaX7w="></latexit>

EXAMPLE:

<latexit sha1_base64="T9DtsjkQm1tDILHZAbglgthT640="></latexit>

The example could be used to model:

• potential games disturbed by NI dynamics;

• anticipatory learning;

• payo↵ information di↵usion.



<latexit sha1_base64="y7k8ltXMfdTxuDWfrxLCHkeZFzU="></latexit>

CCW Payo↵ Mechanisms: Dynamic Case

<latexit sha1_base64="pU5WCM8acvQNPTycjUS2vs1Olvk="></latexit>

CCW anticipatory
learning F

<latexit sha1_base64="5PQMYZsG/sV/LrhDbtJn1EMe19c="></latexit>

well-behaved
learning rule

<latexit sha1_base64="2zLMYF20nMrv6sC2e8bs8/tw4Mc="></latexit>

Simulation Example (3 strategies)

<latexit sha1_base64="SpdFqEF9VUJoJKl7G+0il6t6DC8="></latexit>

NE(F)



<latexit sha1_base64="nyDqmVwAQKYWrJszk/4nW7KOyxk="></latexit>

(x� x̃)T
�
F(x)� F(x̃)

�
 0

<latexit sha1_base64="hpAePBJorsQUhiMnMbgVdD/Cdwc="></latexit>

Contractive Games
(Hofbauer & Sandholm, 2009)

<latexit sha1_base64="W4Odk6f3tQziFdRrkIrAtYlkbzk="></latexit>

Coupled Dynamics

<latexit sha1_base64="hW7HGco6fd1fhxukrdot0inwMqY="></latexit>y

<latexit sha1_base64="qZq1zKdOhWdF6W13aCjn5Xey2QQ="></latexit>

q̇(t) =G(q(t), u(t), y(t))
p(t) =H(q(t), u(t), y(t))

<latexit sha1_base64="ckYjJQfEH9iAD4yXSYeoHAnHXJM="></latexit>

ẏ(t) = D(y(t), x(t))

Population Game
p(t) = F (x(t))

Evolutionary Dynamics Model
ẋ(t) = V(x(t), p(t)) (EDM)
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<latexit sha1_base64="4tAoOxv2tzILH8eFWHLm93Hpgfk="></latexit>

<latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="PcfW8DfF9OdLYhmoZ4QAo55vDs4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEiroRioK4rGAf0JRyM520QyeTMDMRSuzCX3HjQhG3/oY7/8ZJm4W2Hhg4nHMv98zxY86Udpxvq7C0vLK6VlwvbWxube/Yu3tNFSWS0AaJeCTbPijKmaANzTSn7VhSCH1OW/7oOvNbD1QqFol7PY5pN4SBYAEjoI3Usw+8EPSQAE9vJvgSewJ8Djjo2WWn4kyBF4mbkzLKUe/ZX14/IklIhSYclOq4Tqy7KUjNCKeTkpcoGgMZwYB2DBUQUtVNp/kn+NgofRxE0jyh8VT9vZFCqNQ49M1kllbNe5n4n9dJdHDRTZmIE00FmR0KEo51hLMycJ9JSjQfGwJEMpMVkyFIINpUVjIluPNfXiTN04p7VqneVcu1q7yOIjpER+gEuegc1dAtqqMGIugRPaNX9GY9WS/Wu/UxGy1Y+c4++gPr8wfj4pVh</latexit>

F = rf

<latexit sha1_base64="UjMENIifP6CkLkZ/r5f3D0gTwJc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdRl0Y0rqWAf0IYymU7boZNJmLkRQsjGX3HjQhG3foY7/8ZpmoW2HrhwOOdeLuf4keAaHOfbKq2srq1vlDcrW9s7u3v2/kFbh7GirEVDEaquTzQTXLIWcBCsGylGAl+wjj+9mfmdR6Y0D+UDJBHzAjKWfMQpASMN7KO0zwHfET3BGnKNKA5JNrCrTs3JgZeJW5AqKtAc2F/9YUjjgEmggmjdc50IvJQo4FSwrNKPNYsInZIx6xkqScC0l+YBMnxqlCEehcqMBJyrvy9SEmidBL7ZDAhM9KI3E//zejGMrryUyygGJun80SgWGEI8awMPuWIURGIIoSY4p5hOiCIUTGcVU4K7GHmZtOs196J2fl+vNq6LOsroGJ2gM+SiS9RAt6iJWoiiDD2jV/RmPVkv1rv1MV8tWcXNIfoD6/MHF0WWvg==</latexit>

Nash stationarity
<latexit sha1_base64="mzJw95805ds1liqbywafEJ29bkU="></latexit>

V(x, p) = 0 () x 2 argmax
x̃2X

x̃0p

<latexit sha1_base64="z1e2juVXVeWyhd5DeMqkJpcpfJ8=">AAACA3icbZA7SwNBFIVnfcb4itppMxgEq7AbRC2DNpYRzAOSJcxO7iZDZneWmbuBsARs/Cs2ForY+ifs/DdOHoUmHhj4OOdehnuCRAqDrvvtrKyurW9s5rby2zu7e/uFg8O6UanmUONKKt0MmAEpYqihQAnNRAOLAgmNYHA7yRtD0Eao+AFHCfgR68UiFJyhtTqF46wtkFaVESiGQLnSGuQ0G3cKRbfkTkWXwZtDkcxV7RS+2l3F0whi5JIZ0/LcBP2MaRRcwjjfTg0kjA9YD1oWYxaB8bPpDWN6Zp0uDZW2L0Y6dX9vZCwyZhQFdjJi2DeL2cT8L2ulGF77mYiTFCHms4/CVFJUdFII7QoNHOXIAuPa1sAp7zPNONra8rYEb/HkZaiXS95l6eK+XKzczOvIkRNySs6JR65IhdyRKqkRTh7JM3klb86T8+K8Ox+z0RVnvnNE/sj5/AGKc5gc</latexit>

Positive correlation
<latexit sha1_base64="dYR6PRbFoMvThrhx1Be3zHzZdD0=">AAACKnicbVDLSgMxFM34tr6qLt0Ei6ggZUZEXYmPjQsXCrYKnVIy6Z02mEnG5I5ahn6PG3/FjQtF3PohprULtR4IHM45l9x7olQKi77/7o2Mjo1PTE5NF2Zm5+YXiotLVaszw6HCtdTmOmIWpFBQQYESrlMDLIkkXEU3Jz3/6g6MFVpdYieFesJaSsSCM3RSo3gUJgzbnMm82t142Eo3aajglvo0PNOqJSFGI1ptZMboe5quD6UP/Eax5Jf9PugwCQakRAY4bxRfwqbmWQIKuWTW1gI/xXrODAouoVsIMwsp4zesBTVHFUvA1vP+qV265pQmjbVxTyHtqz8ncpZY20kil+ytav96PfE/r5ZhvF/PhUozBMW/P4ozSVHTXm+0KQxwlB1HGDfC7Up5mxnG0bVbcCUEf08eJtXtcrBb3rnYKR0eD+qYIitklWyQgOyRQ3JKzkmFcPJInskrefOevBfv3fv4jo54g5ll8gve5xcI2KZl</latexit>

V(x, p) 6= 0 () p0V(x, p) > 0

<latexit sha1_base64="KJxEZgxK03p4AR0av4DC7O+65UI="></latexit>

x(t) �!
t!1

NE(F) = KKT(f)

<latexit sha1_base64="fcpBYZ/OL83EHrTD1/zHA7b5RxA="></latexit>

(Sandholm, 2001)

<latexit sha1_base64="Pn+lg1w8HEQSDmVdFyn4njADjy0="></latexit>

Strategy-dependent Rates and
Erlang Revision Dynamics
(Kara, Martins, 2023)

(Kara, Martins, Arcak, 2022)
<latexit sha1_base64="w9mi3ZAZyAv/YkvxH52637OZum4="></latexit>

Nash learning with
constrained switching
(Kara, Martins, 2024)

<latexit sha1_base64="F7w8DsqcE6Q6KNeN+N5hZFmqg3U="></latexit>

Coupled Dynamics
(Martins, Certorio, La, Arcak, 2024)

(Martins, Certorio, La, 2023)

<latexit sha1_base64="6rfu18wi7vYSvDMvn0aJepJJOXU="></latexit>

Other Contributions In The Reported Period

<latexit sha1_base64="XFU5EqVBZBfShuRYOl4uJ/yyV1s="></latexit>

�-passivity (Dynamic Payo↵s)
(Arcak & Martins, 2021)

(Park, Martins, Shamma, tutorial 2019)

(Fox & Shamma, 2013)

<latexit sha1_base64="+MLgh/pjHBihogMkBprw8DjJ668="></latexit>

Accepted or published



Thanks for support by
<latexit sha1_base64="VbdrxAITOFAY3gCZFK/sx8Z87Is=">AAACBHicbVC7TsNAEDzzDOFloExzIkKiiuwgBGUEDWWQ8pISKzpfzskp5zvrbo1kWSlo+BUaChCi5SPo+BscxwUkTDWa2dXOjh8JbsBxvq219Y3Nre3STnl3b//g0D467hgVa8raVAmlez4xTHDJ2sBBsF6kGQl9wbr+9Hbudx+YNlzJFiQR80IyljzglEAmDe1KOuCAWxMipwYHSmMTR5HSgP1kNrSrTs3JgVeJW5AqKtAc2l+DkaJxyCRQQYzpu04EXko0cCrYrDyIDYsInZIx62dUkpAZL82fmOGzTBnlEQIlAefq742UhMYkoZ9NhgQmZtmbi/95/RiCay/lMoqBSbo4FMQCg8LzRvCIa0ZBJBkhVPMsK6YTogmFrLdyVoK7/PIq6dRr7kXt8r5ebdwUdZRQBZ2ic+SiK9RAd6iJ2oiiR/SMXtGb9WS9WO/Wx2J0zSp2TtAfWJ8/oN+YFw==</latexit>

Questions ?

<latexit sha1_base64="hzXMWNbgmHtqNiwThW6WQ2mwh0o=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmKoK4sunHZgn1AG8pkOmmHTiZhZqKU2E9x40IRt36JO//GSZuFth64cOace5l7jx9zprTjfFuFtfWNza3idmlnd2//wC4ftlWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT24zv/NApWKRuNfTmHohHgkWMIK1kQZ2Oe0zjZoJVdlboevZwK44VWcOtErcnFQgR2Ngf/WHEUlCKjThWKme68TaS7HUjHA6K/UTRWNMJnhEe4YKHFLlpfPVZ+jUKEMURNKU0Giu/p5IcajUNPRNZ4j1WC17mfif10t0cOmlTMSJpoIsPgoSjnSEshzQkElKNJ8agolkZldExlhiok1aJROCu3zyKmnXqu559apZq9Rv8jiKcAwncAYuXEAd7qABLSDwCM/wCm/Wk/VivVsfi9aClc8cwR9Ynz8CsJPa</latexit>


