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Topic

@ Current effort includes:

o Complex-valued diffusion processes and representations of Schrodinger
equation solutions under Coulomb potentials.

o Isolation of complexity, and rapid solution of certain first-order HJ PDE
problems (and associated control problems).

o Applications in astrodynamics.



Complexity

@ Classical computational methods for dynamic programming were grid based.

@ This induced the dreaded curse-of-dimensionality that limited the
development of realistically-useful computational tools from the time of the
“discovery” of dynamic programming in the 1950s to recent times.

@ The complexity of computation is bounded below by a function of the
complexity of the representation of the solution.

@ In general, function complexity has no rigorous relation to domain-space

dimension.
o In the LQ/LQG case with state in R", the value function may at any
time by represented by % real numbers.

o A scalar brownian path on [0, 1] cannot be represented by a finite
number of real numbers.

@ The curse-of-complexity is a more appropriate description of the effect.
@ This effort addresses problems of high-dimensionality with relatively low
complexity.

@ Will consider the particular case where the problem is primarily
linear-quadratic, but has a “low-dimensional” nonlinearity.



Problem Definition and Goal

@ Problem definition:

és:Afs'f'LOf(MO{s)-l-o'us: {e=xe R,
T
Jr(x,u) = / o(MO¢,) + %5; C& + % lug|? ds,
Jt

We(x) = ueSZD{%FT] Je(x, u).

@ f: R 5 R' and ¢ : R = R are both nonlinear.

@ M° ¢ R**" and (L°) € R**" are projections onto lower-dimensional spaces.

@ Although the state lives in R", the nonlinearities may operate on a
significantly lower-dimensional space.

@ We will exploit this.



Section 1:
Background on Staticization



Staticization

Staticization is the search for stationary (static) points of functionals.

Let ¥ € Gy where Gy is an open subset of a Hilbert space. We say

F(y) - F(7
y € argstat F(y) if limsup M =0,
y€gy y—=7,y€Gy ly — ¥l

@ If f is differentiable and Gy is open, then
argstat, cg, F(y)={y € Gy|F,(y) =0}.

@ Define set-valued stat by

Statyeg, F(y) = { F(7) |7 € axgstat{ F()} | if axgstat{F(1)]y € Gy} 0.
y€Gy
@ If there exists a s.t. stat,cg, F(y) = {a}, then stat,cg, F(y) = a.

@ Staticization subsumes minimization, maximization and saddle-point
searches for C! functionals.



Staticization-Based Representation for the Gravitational

Potential

@ Classic gravitational potential energy
expression for bodies at x and origin
with masses m and myg:

Gmgom

—V(x) =

Ix]

@ Inverse norm is difficult.

@ Additive inverse of potential as optimized quadratic (with G= (3/2)3/2G).

c N 31,2
—V(x) = Cmom _ Gmom sup {a _ oo }
|X‘ a€l0,00) 2

@ Argument is convex cubic on [0, 00); replace sup with stat:

= ad|x|?
-V =G stat — 5
(X) Aol aé[Oﬁ,‘oo) {(Y 2 }



Staticization-based extension of Coulomb potential to C3

@ Although min and max are valid only for real-valued functionals,
staticization is valid for complex-valued functions.

@ For use in a certain diffusion representation, the Coulomb potential must be
extended to C3, and nonetheless has stat representation:

3(, T
T R a’(x ' x)
—V(x) = —i stat |a— 222 |
(x) = f stat [a 5 ]

where HT = {a=re"|r>0,0¢€ (-n/2,7/2] }.

imaginary partof coulomb poental

real part of coulomb potental




Part 2:
Application to Our Problem



Problem Definition and Goal

Recall our problem: & = A&, + LOF(MP&) + o us, & =x€eR”,

SE
e / OMO€,) + L¢L C &+ 3 |ugf? ds,
t
We(x) = stat ]x,u.
() ueld[t, ] (6, 1)
Note: stat subsumes minimization, maximization, minimax solution.

f: R* = R’ and ¢ : R* — R are both nonlinear.
MP € R**" and (L°) € R**" are projections onto lower-dimensional spaces.

Although the state lives in R", the nonlinearities operate on a
lower-dimensional subspace.

@ We will exploit this.



Flowchart of the (Apparently) Required Mathematics

@ Quite a large number of major steps are required to obtain this particular

form.

@ Approach requires Hamilton-Jacobi methods, stat-quad duality technique
and a variety of tools from functional analysis.
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Problem Definition and the HJ PDE

Recall problem: & = A& + L°F(M°&s) +ous, & =x€ R",

T
./N(t,x,u)i/ OMOE,) + 1€, C o+ 3 |ugf? ds,
t

W(t = stat J(t, .
(£) = star J(tx0)

@ Use staticization and viscosity-solution theories —> W is the viscosity
solution of the associated HJ PDE.

@ This implies existence of such a solution.

{o = —Us + A(x,V,U), (s,x)e(t, T)xR",
U(T,x) =0, x € R",

H(x, p) = —[% X Cx+p Ax—1Lp oo p+ (M°x) + [(L°) p, ] F(M°x)

= Ri(Mox, (L) p)

@ All the nonlinearities reside in .



Stat-Quad Duality Application

@ Take the stat-quad dual of N:

\/ 0 0y/ . . a 1 2n
R(MOx, (L)) = stat, {e(a, b) + Q'(x, p. a, b)} Y (x,p) € R,

&(a.0) = stat {R(MOx.(L'p) - Q'(x.p.2.b)|  V(ab) ERF,

where Q'(x, p,a, b) = —2|M°x — a]* — 2|(L°)'p — bJ>.

@ Note that © is a function on k + ¢ dimensional space — not on R".



Stat-Quad Duality Application

@ Employing the stat-quad dual yields
0= f{ Us + 3¢ Cx + (V UY Ax — L(V U)EV, U

+ st [6(a,6) = $IMPx— ol — $IbP + (V.U °b] |

UT,x)=0 xeR",

where I = o0’ 4 ¢, L°(L°)".

@ Minor detail: The purple term appears because of the (L°)'p term in Q.
(Recall Q'(x, p,a, b) = —%|M°x — a]* — Z|(L°)'p — b|?

@ a, b are staticizing-controllers.

@ All of the nonlinearities are now confined to a control-cost term in the
running cost.



Stat-Quad Duality Application
@ Let I = B’B. We obtain
—L(V,U)TV U= ng}?‘gy{(VXU)/év + v
@ This yields
0= f{ Us + X' Cx + (VX U) Ax + stat [(V<U) Bv + 3|v]?]

- 0 2 2 0
- (a,t?)tea]lgwe [@(a" b) o %‘M 2= a‘ - %|b| + Cz(VXU)/L b}}

@ a, b and v are staticizing controllers.

@ Above is a separated staticization case, (analogous to Isaacs cond.); hence:

0= 7{ Us + X' Cx + (Vi U) Ax + stat [(VXU)IEV

(a,b,v)ERK+E4n

+ 3v2 + 8(a, b) — 1M x — a2 = Z[b + o(VU)'L0b] }
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Stat-Control Verification Result
. _ 1./ / o B
Recall: 0= —{ Us + 3 Ot (VY Axt | stat, (V) By

+ 1V + B(a, b) — G |M°x — a2 — Z[b2 + ca(V, U) L] }

@ Extend viscosity-solution verification methods to the staticization case.

@ Under sufficient smoothness (C!!), the HJ PDE problem solution is the
value of the following control problem:

(s =AG+Bus+6l%, G=xeR",
T
Jeoxna, )= [ 3GCG+ P + Olaw, ) — §IMG, —
t
— 2|82 ds

W(t, x) = _ stat Jt,x, v, o, B).
(v,&,B)ELy(t, T;R+k+£)

@ Aside: This implies uniqueness of the HJ PDE problem solution.



o runeing cost term

| | | 2
technique H DEwlm
Nonlinear control | I HJB PDE | e e Control problem

smmeemmu Mhm
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Plus.
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@ The above problem takes the form

J(t,x,v,a, B) = fi(a, B t, x)
W(t,x) =

(fé(a,ﬂ, t X), I/>L2 —+
. stat j(t,X,l/7a /8)
(v,8,B)€Ly(t, T;RMK+L)

<V7 53(t)V>L2v

o
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Iterated-Stat Reordering

@ One can generally reorder minimization [maximization] operations.

@ The ability to reorder difFerentiation can be misleading with regard to stat,
where < e dyf(x y) = & dxf(x y).

@ Consider f(x,y) = y(x®> —1).

tat stat —1) = tat —1)=0,
iEaR ?/Ea y(X ) (><Sy)aéF\’2 y(X )

stat stat y(x* — 1) does not exist.
yER xER

@ Cases where stat may be reordered are where the function is quadratic in at
least one argument, or where it is Morse in at least one argument, both with
additional conditions.



Employing Iterated Staticization Results

@ We use iterated-staticization theory.

© Convert stat,, 5 acp, (¢, 7.rreirt) INTO Stab g 3yc) (o 7ipeee) Sty L, (e, TiRN).-

19

(t,x,v,a, B) = fi(a, B; t,x) + (f(a, 5 t,x), V)1, + %(V, :§3(t)1/>L27

v

W(t,x)=  stat WaB (¢, x),
(&,B)eLy(t, T;RKHE)
where Wd”é(t,x)' stat ](t,x,y,a,ﬂ)

vely(t, T;R™)

=Sk (il Bt x) + (e Bit, ), V)i, o+ 1w, Bs(t)v)1,},

@ Note the LQ form of that last stat argument.
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DRE Extraction

We have

W(t,x)=  stat W&"B(t,x),
(&,8)€La(t, TiRk+)

W&’B(t,x) = stat  {A(e, B t,x) + (h(a, B; t,x), V)1, + (u Bs(t)v)y,},
vely(t,T;R")

We can solve the inner LQ problem!
The DRE-based solution may be written as

W&”é(t,x): %X'Ptx—i—x’qf‘ By rta‘ﬁ,

Pt =S, —AP.—P,A+ P, P, Pr=0,x (control-independent!),
= [P — ATqlP = [(MOY, LO1P) Cpae, %P = 01

iy :( "ﬂ) Fq”ﬁ + piCuy —2[e(q "ﬂ) LOI2/zt+é(ut)], r?ﬁ =0,

N.B.: Here, we've used yi; in place of (&, 3.)’ for readability.



DRE Extraction

@ We have
W(t,x)=  stat Wd’g(mx),
(&,B)ELy(t, T;Rk+E)
W&”é(t,x): Ix' Pex + X g By 3P

>y = =S —A' P — PiA+ P.T Py, Pr=0,xn (control-independent!),
= [P — A7 — [(MOY, L1Pe] Cae, @57 = Opn
e :( EAYEGEP + 1 Crae — 2[ca(qf Py LT + B(ue)), 1P =0,

@ The problem is (finally!!!) reduced to:

W(t,x) = 1x'Pex + stat {x'q% By r }
(6,B)€Ly(t, T;RKFE)



Pointwise Solution

@ Recall that we only need to solve

W(t,x)= _ stat {x’qf"g + rf"g}.
(6,B)€La(t, TRKFE)

@ Space variable, x, is only a parameter.
@ Pointwise in x, one need only solve integral equation

C(ds, Bs) — VO(&, B) = o(L°T?) q%P + E(®7 :Ds)' x (1)

+/ E(®r..D0) (=T P + 6oL0T(6r, ) dr, aes € (£, T),
t
~ T —_ —_ ~ ~
where g% :/ &, D, C(ar,p-)dT  Vselt, T). (2)

@ The curse of dimensionality is removed, and replaced by the curse of
complexity (possibly as effective dimensionality).

® Equations (1)—(2) are an indexed set of integral equations — not a PDE.



Pointwise Solution Method Details

@ For each x, we solve (1)—(2), i

(@, Bs) — vO(a, B) = Cz(L°I2)' &7 4+ E(®7,6D0)'x

S
+/ C(®,.5D,) (—Fq®P + 1°T%(a,, B,)) dr, aese(t,T),
Jt

- T _ o N
where q;"*ﬁ:/ &,.D,C(ar,3,;)dr  Vselt, T
S

@ Our solution method:

e Equivalent to a two-point boundary value problem.

o Due to low-dimensionality of the reduced-complexity problem, there
was no need to curse-of-dimensionality-free methods for examples so
far considered. .

e This is a contraction for (&, 3) if T is sufficiently small.

o That solution is efficiently propagated to larger T by a function-valued
ODE (over fixed longer interval with s, T € (0, T).

o Notably, we have guaranteed convergence to the unique correct
solution.



Pointwise Solution Method Details (continued)
@ The scalar-a case (L% = 0, M® € R*") yields fixed-point problem
s
al — Clvé(&j) =M’ x — CIMO{/ D, (M°Ya] do
i J0

T
+/ DS.U(MO)/aIda] Vsel[t, T].
S

@ The &' ODE is

ddsT 1 i aTy-1 ox/ A/ 0 0V/ ~T
7 =1 - -0"@])] {M & Ax — MO Dy o(MOY &T
T ~T
= da
o 0 0y\/ o
C1~/O MO D, (M) da}.

@ ODE solved on fixed longer interval with s, T € (0, 7_').



Pointwise Solution Method Details (continued)

@ Propagated @ solutions, scalar running-cost nonlinearity case:

@ A k-dimensional nonlinearity in an n-dimensional systemgenerates a
2k-dimensional nonlinear control problem that may be solved with
curse-of-dimensionality methods.



Stat Expansions: Graphs for Heuristics

@ One has discrete-stat over finite sets of functions.

@ Discrete stat-quad dual converges to the stat-quad dual as the density of the
functions approaches the continuum.

@ Nasty example below.

Discrete stat-quad dual with 25 functions.

Discrete stat-quad dual with 100 functions.

AN
o

A,

25 quadratics 100 quadratics

Discrete stat-quad dual with 400 functions N Discrete stat-quad dual with 1600 f

;100 quadrat‘ics‘ ‘ 1600 quadra:cicé



Example

Space dimension: n = 5.

@ One-dimensional nonlinearity in running cost; no nonlinearity in dynamics.

e &(a,B) = 6(a) = —kv/e + a2. Yields a nonconvex running cost.
@ Solution on any plane in 45 secs on a 5 y.o. surface pro (~1500 grid points).
@ Requires additional 150 secs to obtain backsubstitution errors in the original

HJ PDE there.



Example

Relative backsubstitution error in original PDE

Value function

ot
Lrvgpperstirs
. yrrls
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Figure: E1: Value function Figure: E2: Relative backsubs errors
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Thank you.



