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My favorite attitude control problem!

but we will work instead on: 



<latexit sha1_base64="6FQ/zdyOHb1wFGpVgCITkpF5rHA=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahXkri97HgQW9WNG2hDWWz3bRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgoQzpR3n2yosLa+srhXXSxubW9s79u5eQ8WpJNQjMY9lK8CKciaop5nmtJVIiqOA02YwvJ74zScqFYvFox4l1I9wX7CQEayN5D3cVU6Pu3bZqTpToEXi5qQMOepd+6vTi0kaUaEJx0q1XSfRfoalZoTTcamTKppgMsR92jZU4IgqP5seO0ZHRumhMJamhEZT9fdEhiOlRlFgOiOsB2rem4j/ee1Uh1d+xkSSairIbFGYcqRjNPkc9ZikRPORIZhIZm5FZIAlJtrkUzIhuPMvL5LGSdW9qJ7fn5VrN3kcRTiAQ6iAC5dQg1uogwcEGDzDK7xZwnqx3q2PWWvBymf24Q+szx+JKI3h</latexit>

SO(3)

<latexit sha1_base64="jjAbAG9/3NQLMp+6fuNoaQPGJW8="></latexit>

State space for a rigid body in Euclidean 3-space.

Origin of the 3-space: the body’s center of mass.

Axes: parallel to the axes of an inertial frame.
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<latexit sha1_base64="gWFQ5nregZhJB4A6z68pKNGrmjQ=">AAAB/nicbVDLSgMxFM3UVx1fo+LKTbAIrsqM+NoIBRFcVrAPaIeSSTPT0DyGJCOUoeCvuHGhiFu/w51/Y9rOQlsPXDicc+/NzYlSRrXx/W+ntLS8srpWXnc3Nre2d7zdvaaWmcKkgSWTqh0hTRgVpGGoYaSdKoJ4xEgrGt5M/NYjUZpK8WBGKQk5SgSNKUbGSj3voNuXBibw2lZXcpIg6Lqw51X8qj8FXCRBQSqgQL3nfdk9OONEGMyQ1p3AT02YI2UoZmTsdjNNUoSHKCEdSwXiRIf59PwxPLZKH8ZS2RIGTtXfEzniWo94ZDs5MgM9703E/7xOZuKrMKcizQwRePZQnDFoJJxkAftUEWzYyBKEFbW3QjxACmFjE3NtCMH8lxdJ87QaXFTP788qtdsijjI4BEfgBATgEtTAHaiDBsAgB8/gFbw5T86L8+58zFpLTjGzD/7A+fwBxUqTcQ==</latexit>

ġ = g!

<latexit sha1_base64="81BzGcFyC/Jq+q+oIDXZ1ATYlv0=">AAACI3icbVDLSsNAFJ34rPUVdelmsAiCUBLxhSAURNBdBfuAJpTJdNIOnTyYuRFK6L+48VfcuFCKGxf+i5M2BW29cOFwzr3cc48XC67Asr6MhcWl5ZXVwlpxfWNza9vc2a2rKJGU1WgkItn0iGKCh6wGHARrxpKRwBOs4fVvMr3xxKTiUfgIg5i5AemG3OeUgKba5hV2OhFgJwpYl+DrKXCAB0zh1AkI9DwP3w+nyrHWSIJxEbfNklW2xoXngZ2DEsqr2jZH+hZNAhYCFUSplm3F4KZEAqeCDYtOolhMaJ90WUvDkGgLbjr+cYgPNdPBfiR1h4DH7O+NlARKDQJPT2ae1ayWkf9prQT8SzflYZwAC+nkkJ8IDBHOAsMdLhkFMdCAUMm1V0x7RBIKOtaiDsGefXke1E/K9nn57OG0VLnN4yigfXSAjpCNLlAF3aEqqiGKntErekcfxovxZoyMz8nogpHv7KE/ZXz/ABiYog8=</latexit>

!̇ = ! ⇥ I! + ⌧



<latexit sha1_base64="eZPFMS+Q7C9Ym2yDfe4xsaVIB4Y=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIr41QEMFlBfuAdiiZNNOGZjJDckcoQ3/DjQtF3Poz7vwb03YW2nrgwuGce8jNCRIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt1O32YyQDcmMn7ZUrbtWdgSwTLycVyFHvlb9snKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6miETd+Nrt5Qk6s0idhrO0oJDP1dyKjkTHjKLCbEcWhWfSm4n9eJ8Xw2s+ESlLkis0fClNJMCbTAkhfaM5Qji2hTAt7K2FDqilDW1PJluAtfnmZNM+q3mX14uG8UrvL6yjCERzDKXhwBTW4hzo0gEECz/AKb07qvDjvzsd8teDkmUP4A+fzB2O+kKI=</latexit>

ġ = gu
<latexit sha1_base64="phfWvoVRPYvvuz2EGjlBJelqMdo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NARI8RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2il1oB0hSJ3vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2bnTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jvpC80ZyrEllGlhbyVsSDVlaBMq2RC8xZeXSfOs6l1WLx7OK7XbPI4iHMExnIIHV1CDe6hDAxiM4Ble4c1JnBfn3fmYtxacfOYQ/sD5/AFS547u</latexit>

g 2 G

<latexit sha1_base64="eitl1A+yr/jv3Lnqhi74idJA0J0=">AAAB/nicbVDLSgMxFL1TX3V8jYorN8EiuCozBR+4KogguKlgW6EtJZOmbWgmGZKMUIaCv+LGhSJu/Q53/o3pdBbaeiFwcs49NzcnjDnTxve/ncLS8srqWnHd3djc2t7xdvcaWiaK0DqRXKqHEGvKmaB1wwynD7GiOAo5bYajq6nefKRKMynuzTimnQgPBOszgo2lut7BrTVG9kIQkcIoyS+Ri7peyS/7WaFFEOSgBHnVut5XuydJElFhCMdatwI/Np0UKzuY04nbTjSNMRnhAW1ZKHBEdSfN1p+gY8v0UF8qe4RBGfvbkeJI63EU2k676VDPa1PyP62VmP5FJ2UiTgwVZPZQP+HISDTNAvWYosTwsQWYKJaFMMQKE2MTc20IwfyXF0GjUg7Oyqd3lVL1Oo+jCIdwBCcQwDlU4QZqUAcCKTzDK7w5T86L8+58zFoLTu7Zhz/lfP4A1H2Uwg==</latexit>

Kinematic control:

<latexit sha1_base64="hkrSXn+BEQ7hp/T3bSgjUeDH11Y="></latexit>

Question: Can we continuosly feedback stabilize
the system to g = I = Identity?

<latexit sha1_base64="RnKkBTl+v8XCkk+CQM7Av5W2vgM=">AAACA3icbVDJSgNBEO1xjeM26k0vjYkQL2Em4IIgBETxGMEskAyhp1OTNOlZ6O4RwhDw4q948aCIV3/Cm39jJ5mDJj4oeLxXRVU9L+ZMKtv+NhYWl5ZXVnNr5vrG5ta2tbNbl1EiKNRoxCPR9IgEzkKoKaY4NGMBJPA4NLzB1dhvPICQLArv1TAGNyC9kPmMEqWljrV/A9D1CB1cYFxI8CVOir3jQgljE3esvF2yJ8DzxMlIHmWodqyvdjeiSQChopxI2XLsWLkpEYpRDiOznUiI9SrSg5amIQlAuunkhxE+0koX+5HQFSo8UX9PpCSQchh4ujMgqi9nvbH4n9dKlH/upiyMEwUhnS7yE45VhMeB4C4TQBUfakKoYPpWTPtEEKp0bKYOwZl9eZ7UyyXntHRyV85XrrM4cugAHaIictAZqqBbVEU1RNEjekav6M14Ml6Md+Nj2rpgZDN76A+Mzx+CApQ4</latexit>

Feedback: u = u(g).

<latexit sha1_base64="5KhZpk3bE7TVdUFvyFLGZ6+4Ojg=">AAACDHicbVDLSgMxFM34rPVVdekmWEQ3DjMFH8uCCK5Khb6gHWomvdMJzUyGJCOUoR/gxl9x40IRt36AO//G9LHQ1gMhh3PuJTnHTzhT2nG+raXlldW19dxGfnNre2e3sLffUCKVFOpUcCFbPlHAWQx1zTSHViKBRD6Hpj+4HvvNB5CKibimhwl4EenHLGCUaCN1C0VcC5nC9xVxgs1dEWd9gXUIQkKEXRuPYaYc25kALxJ3Ropohmq38NXpCZpGEGvKiVJt10m0lxGpGeUwyndSBQmhA9KHtqExiUB52STMCB8bpYcDIc2JNZ6ovzcyEik1jHwzGREdqnlvLP7ntVMdXHkZi5NUQ0ynDwUpx9oENs3gHpNANR8aQqhk5q+YhkQSqk1/eVOCOx95kTRKtnthn9+ViuWbWR05dIiO0Cly0SUqo1tURXVE0SN6Rq/ozXqyXqx362M6umTNdg7QH1ifP72TmD8=</latexit>

This ‘No’ is No-go theorem 1.

<latexit sha1_base64="8bLrB53WkQ7eIRfaNMc+6Yx99Gw=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3USL4GqYKfhYVlzoSivYB7RDyaSZNjSTGZKMpdSCf8SNC0Xc+kvc+W9MHwttPRA4nHNDbr4g4Uxp1/22MkvLK6tr2fXcxubW9o6d362qOJWEVkjMY1kPsKKcCVrRTHNaTyTFUcBpLehdjvvaA5WKxeJeDxLqR7gjWMgI1iZq2fkLofpUOgjd3KIDZNSyC67jToQWjTczBZip3LK/mu2YpBEVmnCsVMNzE+0PsdSMcDrKNVNFE0x6uEMbxgocUeUPJ6uP0JFJ2iiMpTlCo0n6+8YQR0oNosBMRlh31Xw3Dv/rGqkOz/0hE0mqqSDTh8KUIx2jMQfUZpISzQfGYCKZ2RWRLpaYaEMrZyB4819eNNWi4506J3fFQunqaYojC/twCMfgwRmU4BrKUAECfXiGV3izHq0X6936mI5mrBnCPfgj6/MHt1mSHg==</latexit>

Answer. NO !



<latexit sha1_base64="rAPy/GiW898ktZjwVkd5qrE7KEk="></latexit>

Why not?

The flow of a smooth feedback stablizer ,

stabilizing to a desired point (“attitude”)

CONTRACTS the entire manifold onto that point.

<latexit sha1_base64="MU0mFcjrJ6Slom352P8YnT2EKQY=">AAACCHicbVDLSgMxFM34rONr1KULg61QN8NMxceyIII7K9oHtKVk0kwbmkmGJCOUoUs3/oobF4q49RPc+Tdm2i609UDgcM69N/eeIGZUac/7thYWl5ZXVnNr9vrG5ta2s7NbUyKRmFSxYEI2AqQIo5xUNdWMNGJJUBQwUg8Gl5lffyBSUcHv9TAm7Qj1OA0pRtpIHeegcHdTPDkuQKogFxpiwbVEWFMzwLVt2HHynuuNAeeJPyV5MEWl43y1ugInEeEaM6RU0/di3U6R1BQzMrJbiSIxwgPUI01DOYqIaqfjQ0bwyChdGAppHs+WMervjhRFSg2jwFRGSPfVrJeJ/3nNRIcX7ZTyONGE48lHYcKgFjBLBXapJFizoSEIS2p2hbiPsiBMdrYJwZ89eZ7USq5/5p7elvLlq2kcObAPDkER+OAclME1qIAqwOARPINX8GY9WS/Wu/UxKV2wpj174A+szx+1WpdD</latexit>

SO(3) is not contractible.

<latexit sha1_base64="NmBWo2QPMy6YDlgrFFUnr3xV+Eg=">AAACKHicbVDLSgMxFM34rOOr6tJNsAiuyozgY2dFBJcVrAq1lEwm04bmMSR3lGHo57jxV9yIKNKtX2JGu9DWA4HDOSfJvSdKBbcQBCNvZnZufmGxsuQvr6yurVc3Nq+tzgxlLaqFNrcRsUxwxVrAQbDb1DAiI8FuosFZ6d/cM2O5VleQp6wjSU/xhFMCTupWT05VjqmWKaGAJXGWFjF+4NDXGeBIZyomJsfcYqXBBRUYl+Tu+brvgLvVWlAPvoGnSTgmNTRGs1t9vYs1zSRTQAWxth0GKXQKYoBTwYb+XWaZG2ZAeqztqCKS2U7xvegQ7zolxok27qhyHKf+vlEQaW0uI5eUBPp20ivF/7x2Bslxp+AqzYAp+vNRkgkMGpet4ZgbRkHkjhBquJsV0z4pq3Dd+q6EcHLlaXK9Xw8P6weX+7XG+biOCtpGO2gPhegINdAFaqIWougRPaM39O49eS/ehzf6ic544ztb6A+8zy9gh6V6</latexit>

Any compact manifold without boundary is not contractible.
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<latexit sha1_base64="twJXcJskXiC0DK/tHrizbRcblBI=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8Ei1E1Jiq+NUBDBnZXaB7SxTKbTduhkEmYmQold+CtuXCji1t9w59+YtFlo64GBwzn3cs8cN+BMacv6NjILi0vLK9nV3Nr6xuaWub1TV34oCa0Rn/uy6WJFORO0ppnmtBlIij2X04Y7vEz8xgOVivniTo8C6ni4L1iPEaxjqWPuRW0P64Hrour43kYXqHpTKB3lOmbeKloToHlipyQPKSod86vd9UnoUaEJx0q1bCvQToSlZoTTca4dKhpgMsR92oqpwB5VTjTJP0aHsdJFPV/GT2g0UX9vRNhTauS58WQSVs16ifif1wp179yJmAhCTQWZHuqFHGkfJWWgLpOUaD6KCSaSxVkRGWCJiY4rS0qwZ788T+qlon1aPLk9zpev0jqysA8HUAAbzqAM11CBGhB4hGd4hTfjyXgx3o2P6WjGSHd24Q+Mzx/I+pQE</latexit>

S1 = SO(2)

<latexit sha1_base64="lc5+9+98GDipzkdWVBIVi8FrbzI=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAiuSlLwsSyI4LJCX5CGcjOdtEMnM2FmooTQz3DjQhG3fo07/8Zpm4W2HrhwOOde7r0nTDjTxnW/nbX1jc2t7dJOeXdv/+CwcnTc0TJVhLaJ5FL1QtCUM0HbhhlOe4miEIecdsPJ7czvPlKlmRQtkyU0iGEkWMQIGCv5LZVhENkTZHpQqbo1dw68SryCVFGB5qDy1R9KksZUGMJBa99zExPkoAwjnE7L/VTTBMgERtS3VEBMdZDPT57ic6sMcSSVLWHwXP09kUOsdRaHtjMGM9bL3kz8z/NTE90EORNJaqggi0VRyrGRePY/HjJFieGZJUAUs7diMgYFxNiUyjYEb/nlVdKp17yr2uVDvdq4K+IooVN0hi6Qh65RA92jJmojgiR6Rq/ozTHOi/PufCxa15xi5gT9gfP5A2yokV4=</latexit>

Try anyways

<latexit sha1_base64="XPRT8KhcInGVvVSjpv7NPOY3cgg=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyCq2Gm4GNZEMFlBacttEO5k8m0oZnJkGSUMhT8FTcuFHHrd7jzb0zbWWjrgcDhnHuTkxOknCntON9WaWV1bX2jvFnZ2t7Z3avuH7SUyCShHhFcyE4AinKWUE8zzWknlRTigNN2MLqe+u0HKhUTyb0ep9SPYZCwiBHQRupXjzxFMeCBhJDRROOIi0cb96s1x3ZmwMvELUgNFWj2q1+9UJAsNlcQDkp1XSfVfg5SM8LppNLLFE2BjGBAu4YmEFPl57P4E3xqlBBHQppjIszU3xs5xEqN48BMxqCHatGbiv953UxHV37OkjTTNCHzh6KMYy3wtAscMkmJ5mNDgEhmsmIyBAlEm8YqpgR38cvLpFW33Qv7/K5ea9wUdZTRMTpBZ8hFl6iBblETeYigHD2jV/RmPVkv1rv1MR8tWcXOIfoD6/MH2iqUyg==</latexit>

Use a gradient flow.
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<latexit sha1_base64="C1m5s3TET6k6e3OxaqY3dJUe19A="></latexit>

We can use MORSE THEORY to copy
this example onto any manifold.

<latexit sha1_base64="v+54DqMILGsmSUgbk/3PvI8tTso="></latexit>

Theorem. Given a smooth connected manifold M
and a goal point m0 2 M there is a hybrid system
on M ⇥ Z2 having (m0, 0) as global attractor.



<latexit sha1_base64="qNhf9zD8Nkoo7q/XHLQlERQZYPI="></latexit>

Result: A smooth flow on the manifold
for which the desired fixed point is
attractive and has basin of attraction
an open dense subset of M of full measure.
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<latexit sha1_base64="Rbpg12iG67M7uLC+6+M0Lo0NKck="></latexit>

Instead of a single unstable equilibrium we get
k unstable equilibria where k > 1 unless M is a sphere.



<latexit sha1_base64="NrH+HNofbrMQ6pWsgawR/STCwnQ="></latexit>

A Morse function is a function all
of whose critical points are non-degenerate.

<latexit sha1_base64="bYrCF+icyzC6U8j8cWKJTOytUXQ=">AAACGHicdVDLSgNBEJz1bXxFPXoZDIKndSP4OIoieBEUTCIkIfTOzprBeSwzvUIIfoYXf8WLB0W8evNvnNUNqGjBQFFVTU9XnEnhMIreg7Hxicmp6ZnZytz8wuJSdXml6UxuGW8wI429jMFxKTRvoEDJLzPLQcWSt+Lro8Jv3XDrhNEXOMh4V8GVFqlggF7qVbeOvTugThmDfarAe0YmFBIl0FGgp8Y6TtNcsyIf0l61FoU7UQEahdGIlEq9VGqkxFmv+tZJDMsV18gkONeuRxl2h2BRMMlvK53c8QzYNVzxtqcaFHfd4edht3TDKwlNjfVPI/1Uv08MQTk3ULFPKsC+++0V4l9eO8d0vzsUOsuRa/a1KM0lRUOLlmgiLGcoB54As8L/lbI+WGDou6z4EkaX0v9Jczus74Y759u1g8OyjhmyRtbJJqmTPXJATsgZaRBG7sgDeSLPwX3wGLwEr1/RsaCcWSU/ELx9ADaan98=</latexit>

Every smooth manifold admits a Morse function.



<latexit sha1_base64="2031vbDlkz3yhzlrAHL4lFhY4rk="></latexit>

Given M connected, desired point m0 2 M
choose a Morse function � with m0 as
its global minimum.

<latexit sha1_base64="TiSygxlhBQtda/4IojTJR9RLJuM="></latexit>

Let p1, p2, . . . , pk be the other
critical points of �

<latexit sha1_base64="4CvuaNdjWVB6b56BC77upbkHY/I="></latexit>

O↵ of the ‘bad set’ B =
Sk

i=1 W
+
(pi)

every point of M flows by

ṁ = �r�(m)

to m0.

<latexit sha1_base64="y45p701+fT7kHdoK4LBp3IbFZz8="></latexit>

The W+(pi) = stable manifolds of the pi
are embedded submanifolds of codimension � 1.
=) M \B is open, dense, of full measure.



<latexit sha1_base64="h73Uvx0rNYhNZMS2n8ysXiZXTQM="></latexit>

Morse Lemma. If p is a non-degenerate critical point
for � and �(p) = c then 9 coordinates
(xi, yj), 1  i  k, 1  j  n� k centered at p 2 M
such that in these coordinates

�(xi, yj) = c+
X

x2
i �

X
y2j





EE





Then flow w TO



<latexit sha1_base64="OT1Bkg93sKfE5afFNHACMg1R4ZQ="></latexit>

ṁ =

(
�r�(m), if q = 0 and m 2 Flow(0)

Y (m), if q = 1 and m 2 Flow(1)

<latexit sha1_base64="H9KAmxtRLin4G2BRqEGkcLVtESU=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahbsqM+EIQioKIIFSwD2iHkknTNjTJDElGKUOXbvwVNy4UcesnuPNvzLSz0NYDFw7n3Mu99/gho0o7zreVmZmdm1/ILuaWlldW1+z1jaoKIolJBQcskHUfKcKoIBVNNSP1UBLEfUZqfv8i8Wv3RCoaiDs9CInHUVfQDsVIG6llb19HPCy4e/D0DN7ApiKaUxEpeMmCByPnWnbeKTojwGnipiQPUpRb9lezHeCIE6ExQ0o1XCfUXoykppiRYa4ZKRIi3Edd0jBUIE6UF48eGcJdo7RhJ5CmhIYj9fdEjLhSA+6bTo50T016ifif14h058SLqQgjTQQeL+pEDOoAJqnANpUEazYwBGFJza0Q95BEWJvskhDcyZenSXW/6B4VD28P8qXzNI4s2AI7oABccAxK4AqUQQVg8AiewSt4s56sF+vd+hi3Zqx0ZhP8gfX5A75ml0U=</latexit>

Jump(1) := M \ Flow(1)

<latexit sha1_base64="P7IaXTx5gOjqAAdlqfd6gDFYo4Y=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahbsqM+EIQioKIIFSwD2iHkknTNjTJDElGKUOXbvwVNy4UcesnuPNvzLSz0NYDFw7n3Mu99/gho0o7zreVmZmdm1/ILuaWlldW1+z1jaoKIolJBQcskHUfKcKoIBVNNSP1UBLEfUZqfv8i8Wv3RCoaiDs9CInHUVfQDsVIG6llb19HPCw4e/D0DN7ApiKaUxEpeMmCByPnWnbeKTojwGnipiQPUpRb9lezHeCIE6ExQ0o1XCfUXoykppiRYa4ZKRIi3Edd0jBUIE6UF48eGcJdo7RhJ5CmhIYj9fdEjLhSA+6bTo50T016ifif14h058SLqQgjTQQeL+pEDOoAJqnANpUEazYwBGFJza0Q95BEWJvskhDcyZenSXW/6B4VD28P8qXzNI4s2AI7oABccAxK4AqUQQVg8AiewSt4s56sF+vd+hi3Zqx0ZhP8gfX5A7tDl0M=</latexit>

Jump(0) := M \ Flow(0)

<latexit sha1_base64="qXXl3daR/0PfFxVYqv50gVVGDqM=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoivlAKRTcuK9gHtKFMppN26GQSZiZCCcWNv+LGhSJu/Qp3/o1JmoW2Hrhw5px7mXuPG3KmtGV9G4WFxaXlleJqaW19Y3PL3N5pqiCShDZIwAPZdrGinAna0Exz2g4lxb7Lacsd3aR+64FKxQJxr8chdXw8EMxjBOtE6pl7XRdLZKPLKrKuEMpeFqoiu9Qzy1bFyoDmiZ2TMuSo98yvbj8gkU+FJhwr1bGtUDsxlpoRTielbqRoiMkID2gnoQL7VDlxdsIEHSZKH3mBTEpolKm/J2LsKzX23aTTx3qoZr1U/M/rRNq7cGImwkhTQaYfeRFHOkBpHqjPJCWajxOCiWTJrogMscREJ6mlIdizJ8+T5nHFPquc3p2Ua9d5HEXYhwM4AhvOoQa3UIcGEHiEZ3iFN+PJeDHejY9pa8HIZ3bhD4zPH1XVk4w=</latexit>

1̄ := 0; 0̄ = 1

<latexit sha1_base64="AXL+5waDnW259+X6x7MYNGYe30c="></latexit>

If q = 0 or q = 1 and if m 2 Jump(q) then JUMP:
<latexit sha1_base64="j4KMfmw5HMXx0RxS7/HVwkJ2aMo=">AAACE3icbVDLSgMxFM34rPVVdekmWAQVKTPia1l047KCfUCnlDtpqsFkJiZ3xDL0H9z4K25cKOLWjTv/xvSx8HUgcHLOvSTnRFoKi77/6U1MTk3PzObm8vMLi0vLhZXVmk1Sw3iVJTIxjQgslyLmVRQoeUMbDiqSvB5dnw78+i03ViTxBfY0bym4jEVXMEAntQs7IfI7zChoLXu0T+mW2r3ZpqECbTEZ3GgYgaFOaxeKfskfgv4lwZgUyRiVduEj7CQsVTxGJsHaZuBrbGVgUDDJ+/kwtVwDu4ZL3nQ0BsVtKxtm6tNNp3RoNzHuxEiH6veNDJS1PRW5SQV4ZX97A/E/r5li97iViVinyGM2eqibSurSDgqiHWE4Q1dGRwAzwv2VsiswwNDVmHclBL8j/yW1vVJwWDo43y+WT8Z15Mg62SBbJCBHpEzOSIVUCSP35JE8kxfvwXvyXr230eiEN95ZIz/gvX8BX7ab7w==</latexit>

apply (m, q) 7! (m, q̄)



<latexit sha1_base64="evooEWjwBHT74RdAO+4N4BSrNVE=">AAACCXicbVDLSgMxFM3UV62vUZdugkVoN2VGfC2LgoirCvYB7VAyaaYNTSZDHkop3brxV9y4UMStf+DOvzFtB9HWA5d7OOdeknvChFGlPe/LySwsLi2vZFdza+sbm1vu9k5NCSMxqWLBhGyESBFGY1LVVDPSSCRBPGSkHvYvxn79jkhFRXyrBwkJOOrGNKIYaSu1XXhteFLwirClTKiI/umXTNwX/CJsu3mv5E0A54mfkjxIUWm7n62OwIaTWGOGlGr6XqKDIZKaYkZGuZZRJEG4j7qkaWmMOFHBcHLJCB5YpQMjIW3FGk7U3xtDxJUa8NBOcqR7atYbi/95TaOjs2BI48RoEuPpQ5FhUAs4jgV2qCRYs4ElCEtq/wpxD0mEtQ0vZ0PwZ0+eJ7XDkn9SOr45ypfP0ziyYA/sgwLwwSkogytQAVWAwQN4Ai/g1Xl0np035306mnHSnV3wB87HN+aImJA=</latexit>

Jump(0) ⇢⇢ Flow(1)

<latexit sha1_base64="BweV3mBEnPeNItmEXATgfjOHKxA="></latexit>

Flow(1) =
k[

i=1

U(pi) where U(pi) is a Morse nbhd of pi

<latexit sha1_base64="KcHyuYw3DJGZxtHjbdSePvsYCpc="></latexit>

Flow(1) \ Jump(0) = Flow(1) \ Flow(0)



<latexit sha1_base64="K6v6awe2gczJm8MfCTDk3B7cDA8="></latexit>

Theorem. The hybrid system on M ⇥ Z2 just constructed
has a single global attractor, the point (m0, 0), which is
Lyapunov stable.
Moreover, this stability property is robust with respect to
measurement and system errors.

<latexit sha1_base64="LVeTcEvTwXaQtM4gq1FAf1ZJAng="></latexit>

Estimates regarding tolerances to measurement
and system errors specified in terms of

<latexit sha1_base64="hJTo6xFUf+L5Id6MhA0NtOmmTYA="></latexit>

diam(Flow(1) \ Flow(0)), � and kr�k.
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https://www.aimsciences.org/book/AM/volume/58

google search: AIMS on Applied Math volume 12 
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QUESTIONS??



<latexit sha1_base64="ldz89buRWbpEALstGVlDYafylqc="></latexit>

“Wouldn’t the discontinuous v-field yield the same robustness and
global stability properties?
If so, what is the advantage here of the hybrid viewpoint over
simple discontinuous vector fields ? ”
-anonymous program attendee MK

<latexit sha1_base64="syK/w2r6hKkZulO1RcoEpwrvyCg="></latexit>

“Instead of considering this hybrid system, why not consider the

equivalent situation [I THINK ] of the discontinuous vector field obtained

by using the gust vector field in the Morse neighborhoods of the unstable

equilibria and the gradient vector field outside them?



Hybridizing allows the domains
of the gust and gradient flows to overlap.
The overlap is what yields robustness. 
Without overlap,  we can construct 
chattering-type local attractors via `designer’ noise, 
equilibria which kill the global stability of m_0.

<latexit sha1_base64="4mWP6m/5lPEF1yGuGSTE5xgAFcg="></latexit>

“Wouldn’t the discontinuous v-field yield the same robustness and
global stability properties? YES! 



 

I Ez
i

Edit

E Ez

<latexit sha1_base64="U3WMLjOtTxNBVdH1zeLekgXw0Jk=">AAAB/nicbVDJSgNBEO2JWxy3UfHkpTEI8RJmxO0iBCTgMYJZIAmhp1NJmvQsdNeIYQj4K148KOLV7/Dm39hZDpr4oODxXhVV9fxYCo2u+21llpZXVtey6/bG5tb2jrO7V9VRojhUeCQjVfeZBilCqKBACfVYAQt8CTV/cDP2aw+gtIjCexzG0ApYLxRdwRkaqe0cwGOcb2IfkNFSW5zQa2rbtO3k3II7AV0k3ozkyAzltvPV7EQ8CSBELpnWDc+NsZUyhYJLGNnNREPM+ID1oGFoyALQrXRy/ogeG6VDu5EyFSKdqL8nUhZoPQx80xkw7Ot5byz+5zUS7F61UhHGCULIp4u6iaQY0XEWtCMUcJRDQxhXwtxKeZ8pxtEkZpsQvPmXF0n1tOBdFM7vznLF0iyOLDkkRyRPPHJJiuSWlEmFcJKSZ/JK3qwn68V6tz6mrRlrNrNP/sD6/AHWf5N4</latexit>

exp(✓Ei) =
<latexit sha1_base64="vNCxTQhNMoAv6/4osMqQrfyeVcI="></latexit>

Rotation about axis of Ei

counterclockwise by ✓ radians

<latexit sha1_base64="I3tsrvLK4MKo0decGHESHzs0ANw="></latexit>

Apply to M = SO(3)
<latexit sha1_base64="ZrPjHqfmx3TQ/imIDQR3W+ZljPE=">AAACA3icdVDLSgMxFM3U9/gadaebYBF0U5L6qgtBdKMrFW0V2mHIpGkNJpkhyQhlENz4K25cKOLWn3Dn35jRCip64MLhnHu59544FdxYhN680sDg0PDI6Jg/PjE5NR3MzDZMkmnK6jQRiT6PiWGCK1a33Ap2nmpGZCzYWXy5V/hnV0wbnqhT20tZKElX8Q6nxDopCuah78sIwW140IYtruDJ4fLqiu9UGAVlVEEIYYxhQfDmBnJka6tWxTWIC8uhDPo4ioLXVjuhmWTKUkGMaWKU2jAn2nIq2LXfygxLCb0kXdZ0VBHJTJh//HANl5zShp1Eu1IWfqjfJ3IijenJ2HVKYi/Mb68Q//Kame3UwpyrNLNM0c9FnUxAm8AiENjmmlEreo4Qqrm7FdILogm1LjbfhfD1KfyfNKoVvFFZP14r7+z24xgFC2ARLAMMNsEO2AdHoA4ouAF34AE8erfevffkPX+2lrz+zBz4Ae/lHe00k0A=</latexit>

m0 = Id 2 SO(3)
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<latexit sha1_base64="oq/F5bLFR6Q4BesCTXSVX0otGzM="></latexit>

WAY 1. Follow the above procedure.
Construct a Morse function on SO(3)

<latexit sha1_base64="7kXZUbNaVu2j3gOFviyJidlriTQ="></latexit>

�(R) = tr(PR) ;P a fixed weight matrix

<latexit sha1_base64="I2XA7UCUc5/snwVFD3joMKzPn2A="></latexit>

If P is symmetric with distinct eigenvalues then � is Morse.

<latexit sha1_base64="4HsRKqKcR+O8fh4/kyWMFuVMHek="></latexit>

Example: P = diag(0,�1,�2)
Compute: d�(R) = 0 () R is diagonal.

<latexit sha1_base64="UB2qorxNZ541Nck/KDeLIX1kKvI=">AAACA3icdVDLSsNAFJ3UV62vqDvdDC2CoISkUnUjFN24rGAf0IQwmU7aoZMHMxMhhIIb/8BvcONCEbf+hLv+jZM+QEUPzOVwzr3cuceLGRXSNMdaYWFxaXmluFpaW9/Y3NK3d1oiSjgmTRyxiHc8JAijIWlKKhnpxJygwGOk7Q2vcr99R7igUXgr05g4AeqH1KcYSSW5+t4FtDMYuOYxjF0rL9W8nEB75OoV06iZOaBpmHMyU6yZUqmX7aPHcT1tuPqn3YtwEpBQYoaE6FpmLJ0McUkxI6OSnQgSIzxEfdJVNEQBEU42uWEED5TSg37E1QslnKjfJzIUCJEGnuoMkByI314u/uV1E+mfOxkN40SSEE8X+QmDMoJ5ILBHOcGSpYogzKn6K8QDxBGWKraSCmF+KfyftKqGdWrUblQal2CKItgHZXAILHAG6uAaNEATYHAPnsALeNUetGftTXuftha02cwu+AHt4wuwLpf+</latexit>

= {m0, p1, p2, p3}
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<latexit sha1_base64="jC6GFou28DX/xfj17jEgSjT8qdM=">AAACBXicdZDLSgMxFIYz9VbrbdSlLoKt4GqYFqriqtiNywr2Au1QMmmmDc0kQ5IplKEbN76KGxeKuPUd3Pk2ZtopqOgPgT/fOYfD+f2IUaVd99PKrayurW/kNwtb2zu7e/b+QUuJWGLSxIIJ2fGRIoxy0tRUM9KJJEGhz0jbH9fTentCpKKC3+lpRLwQDTkNKEbaoL59DOuSavNlcIJYTBQUASz1ohEtXcG+XXSdqpsKuo67NBkpZ6QIMjX69kdvIHAcEq4xQ0p1y26kvQRJs4GRWaEXKxIhPEZD0jWWo5AoL5lfMYOnhgxgIKR5XMM5/T6RoFCpaeibzhDpkfpdS+FftW6sg0svoTyKNeF4sSiIGdQCppHAAZUEazY1BuF5GhCPkERYm+AKJoTlpfB/06o45XOnelsp1q6zOPLgCJyAM1AGF6AGbkADNAEG9+ARPIMX68F6sl6tt0VrzspmDsEPWe9fQymXJA==</latexit>

Critical values of �:

<latexit sha1_base64="ogOtc4uTGnnqQ7XVz8P2axutlDU=">AAAB63icdZDLSgMxFIbPeK31VnXpJlgEV8OMWnVZdOOygr1AO5RMmmlDk8yQZIQy9BXcuFDErS/kzrcx005BRX8I/HznHHLOHyacaeN5n87S8srq2nppo7y5tb2zW9nbb+k4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm/yevuBKs1ieW8mCQ0EHkoWMYJNjhA6Q/1K1XNrXi7kud7CFMQvSBUKNfqVj94gJqmg0hCOte76XmKCDCvDCKfTci/VNMFkjIe0a63Eguogm+06RceWDFAUK/ukQTP6fSLDQuuJCG2nwGakf9dy+Fetm5roKsiYTFJDJZl/FKUcmRjlh6MBU5QYPrEGE8XsroiMsMLE2HjKNoTFpeh/0zp1/Qu3dnderV8XcZTgEI7gBHy4hDrcQgOaQGAEj/AML45wnpxX523euuQUMwfwQ877F5CLjUk=</latexit>

3
<latexit sha1_base64="jh7J+1Y/yPA9tF7uGQs+sp6fs/I=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuBpmxKrLohuXFewF2qFk0kwbmmSGJCOUoa/gxoUibn0hd76NmXYKKvpD4Oc755Bz/jDhTBvP+3RKK6tr6xvlzcrW9s7uXnX/oK3jVBHaIjGPVTfEmnImacsww2k3URSLkNNOOLnJ650HqjSL5b2ZJjQQeCRZxAg2OULIR4NqzXPrXi7kud7SFMQvSA0KNQfVj/4wJqmg0hCOte75XmKCDCvDCKezSj/VNMFkgke0Z63Eguogm+86QyeWDFEUK/ukQXP6fSLDQuupCG2nwGasf9dy+Fetl5roKsiYTFJDJVl8FKUcmRjlh6MhU5QYPrUGE8XsroiMscLE2HgqNoTlpeh/0z5z/Qu3fndea1wXcZThCI7hFHy4hAbcQhNaQGAMj/AML45wnpxX523RWnKKmUP4Ief9C42BjUc=</latexit>

1
<latexit sha1_base64="347a4BG5NlsAHAaTtAqdO1Y6rLU=">AAAB63icdZDLSgMxFIbPeK31VnXpJlgENw4zYtVl0Y3LCvYC7VAyaaYNTTJDkhHK0Fdw40IRt76QO9/GTDsFFf0h8POdc8g5f5hwpo3nfTpLyyura+uljfLm1vbObmVvv6XjVBHaJDGPVSfEmnImadMww2knURSLkNN2OL7J6+0HqjSL5b2ZJDQQeChZxAg2OULo1O9Xqp5b83Ihz/UWpiB+QapQqNGvfPQGMUkFlYZwrHXX9xITZFgZRjidlnuppgkmYzykXWslFlQH2WzXKTq2ZICiWNknDZrR7xMZFlpPRGg7BTYj/buWw79q3dREV0HGZJIaKsn8oyjlyMQoPxwNmKLE8Ik1mChmd0VkhBUmxsZTtiEsLkX/m9aZ61+4tbvzav26iKMEh3AEJ+DDJdThFhrQBAIjeIRneHGE8+S8Om/z1iWnmDmAH3LevwChMY1U</latexit>�1

<latexit sha1_base64="aXRxsTz3c/y/n3DnvjYiG9sByJc=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuHGYqlWXRTcuK9gLtEPJpJk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0UVPSHwM93ziHn/EHMmTae9+kUlpZXVteK66WNza3tnfLuXktHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHyT1dsPVGkWyXsziakv8FCykBFsMoTQyVm/XPHcmpcJea63MDmp5qQCuRr98kdvEJFEUGkIx1p3q15s/BQrwwin01Iv0TTGZIyHtGutxIJqP53tOkVHlgxQGCn7pEEz+n0ixULriQhsp8BmpH/XMvhXrZuY8MpPmYwTQyWZfxQmHJkIZYejAVOUGD6xBhPF7K6IjLDCxNh4SjaExaXof9M6dasXbu3uvFK/zuMowgEcwjFU4RLqcAsNaAKBETzCM7w4wnlyXp23eWvByWf24Yec9y+kOY1W</latexit>�3

<latexit sha1_base64="WMjZuhxGxXI4eeZ+vb5B9c+a2OQ=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4GqaFqsuiG5cV7APaUjLpnTY0yQxJplKGfoAbf8WNC0Xc+gHu/Bsz7RRU9EDgcM653NzjR5xp43mfTm5ldW19I79Z2Nre2d0r7h80dRgrCg0a8lC1faKBMwkNwwyHdqSACJ9Dyx9fpX5rAkqzUN6aaQQ9QYaSBYwSY6V+sXTHzAgTiWECEstY+KBwGGDBZKyxZkOpCzbluVUvBfZcb0kypZwpJZSh3i9+dAchjQVIQznRulP2ItNLiDKMcpgVurGGiNAxGULHUkkE6F4yP2aGT6wywEGo7JMGz9XvEwkRWk+Fb5OCmJH+7aXiX14nNsFFL2Eyig1IulgUxBybEKfN4AFTQA2fWkKoYvavmI6IItTY/tISlpfi/0mz4pbP3OpNpVS7zOrIoyN0jE5RGZ2jGrpGddRAFN2jR/SMXpwH58l5dd4W0ZyTzRyiH3DevwC+vJrM</latexit>

with an even number of minus signs

<latexit sha1_base64="xyJfP5ziZQR+WxRGHW+xGTAiigk=">AAAB9HicdZDLSsNAFIYn9VbrrerSzWARXIVUrLosutFdBXuBNpTJ5KQdOsnEmUmlhD6HGxeKuPVh3Pk2TtoUVPSHgZ/vnMM583sxZ0o7zqdVWFpeWV0rrpc2Nre2d8q7ey0lEkmhSQUXsuMRBZxF0NRMc+jEEkjocWh7o6us3h6DVExEd3oSgxuSQcQCRok2yO1xCDSRUjzgG79frjh2zcmEHdtZmJxUc1JBuRr98kfPFzQJIdKUE6W6VSfWbkqkZpTDtNRLFMSEjsgAusZGJATlprOjp/jIEB8HQpoXaTyj3ydSEio1CT3TGRI9VL9rGfyr1k10cOGmLIoTDRGdLwoSjrXAWQLYZxKo5hNjCJXM3IrpkEhCtcmpZEJY/BT/b1ondvXMrt2eVuqXeRxFdIAO0TGqonNUR9eogZqIonv0iJ7RizW2nqxX623eWrDymX30Q9b7F6+1kg8=</latexit>

 Id

<latexit sha1_base64="dILQBvshvsitZXas9/tY26hj6G4=">AAACAXicdVDLSgMxFM34rPU16kZwEyxCXThkilWXRTcuK9gHtEPJpJk2NJkZkoxQhrrxV9y4UMStf+HOvzGdTkFFD+RyOOdebu7xY86URujTWlhcWl5ZLawV1zc2t7btnd2mihJJaINEPJJtHyvKWUgbmmlO27GkWPictvzR1dRv3VGpWBTe6nFMPYEHIQsYwdpIPXv/BJZhNxYQZdXNagUew55dQk4VTQGRg+YkV9xcKYEc9Z790e1HJBE01IRjpTouirWXYqkZ4XRS7CaKxpiM8IB2DA2xoMpLswsm8MgofRhE0rxQw0z9PpFiodRY+KZTYD1Uv72p+JfXSXRw4aUsjBNNQzJbFCQc6ghO44B9JinRfGwIJpKZv0IyxBITbUIrmhDml8L/SbPiuGdO9ea0VLvM4yiAA3AIysAF56AGrkEdNAAB9+ARPIMX68F6sl6tt1nrgpXP7IEfsN6/ADQMk4s=</latexit>

�(±0± 1± 2)

<latexit sha1_base64="SEYS/OQcTsz0JFl4nozH4++BwAo="></latexit>

Four is the minimum number of critical points
a Morse function can have on SO(3):
bi(SO(3)) = 1, i = 0, 1, 2, 3
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Then implement Morse

lemma near P P2 P3

to construct gust
field to blow

away
from nbhd pi
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<latexit sha1_base64="8GxyvTo/4CIewiKDbCpRoe5pZ7A=">AAACA3icdZBNS8MwGMfT+TbnW9WbXoKbMA+Wtuj0Igy9eJzi3GArI82yLSxNS5IKpQy8+FW8eFDEq1/Cm9/GdC+gog+E/Pj/n4fk+fsRo1LZ9qeRm5tfWFzKLxdWVtfWN8zNrVsZxgKTOg5ZKJo+koRRTuqKKkaakSAo8Blp+MOLzG/cESFpyG9UEhEvQH1OexQjpaWOudNACXQtCEvtaEDL1wfwDB4qoaHUMYu2VbGzgrZ1NAN3Ao41vu0imFatY360uyGOA8IVZkjKlmNHykuRUBQzMiq0Y0kihIeoT1oaOQqI9NLxDiO4r5Uu7IVCH67gWP0+kaJAyiTwdWeA1ED+9jLxL68Vq96pl1IexYpwPHmoFzOoQpgFArtUEKxYogFhQfVfIR4ggbDSsRV0CLNN4f9w61pOxTq+covV82kcebAL9kAZOOAEVMElqIE6wOAePIJn8GI8GE/Gq/E2ac0Z05lt8KOM9y/OSZRv</latexit>

Way 2. �(R) = �tr(R)
e

points
critical values

global max

1 a surface

3 global min

Id goal
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<latexit sha1_base64="8GxyvTo/4CIewiKDbCpRoe5pZ7A=">AAACA3icdZBNS8MwGMfT+TbnW9WbXoKbMA+Wtuj0Igy9eJzi3GArI82yLSxNS5IKpQy8+FW8eFDEq1/Cm9/GdC+gog+E/Pj/n4fk+fsRo1LZ9qeRm5tfWFzKLxdWVtfWN8zNrVsZxgKTOg5ZKJo+koRRTuqKKkaakSAo8Blp+MOLzG/cESFpyG9UEhEvQH1OexQjpaWOudNACXQtCEvtaEDL1wfwDB4qoaHUMYu2VbGzgrZ1NAN3Ao41vu0imFatY360uyGOA8IVZkjKlmNHykuRUBQzMiq0Y0kihIeoT1oaOQqI9NLxDiO4r5Uu7IVCH67gWP0+kaJAyiTwdWeA1ED+9jLxL68Vq96pl1IexYpwPHmoFzOoQpgFArtUEKxYogFhQfVfIR4ggbDSsRV0CLNN4f9w61pOxTq+covV82kcebAL9kAZOOAEVMElqIE6wOAePIJn8GI8GE/Gq/E2ac0Z05lt8KOM9y/OSZRv</latexit>

Way 2. �(R) = �tr(R)

RP2 B 1

8 452 0
D

pt Mo
I

Rescale

hmm MMM

bad set

v

I
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Cannot be Morse

since crit pt set is

not discrete

Rather 10 is Marse Bolt
for be B.IQ

py
is nondeg 40

only other crit.pt is I which is

non degenerate global min

foff esurface B of
unstable equilibria

no Id



21

I c game dfinwcblowB
away

with a gust

Y explty of wind 1

Bit f faff t.su
Y

7

x̅
a Mo

Mo

i e isotopy 4 4 such that

B MB
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Picture

B 50131 RIP IRP the normal

bundle of RP in RIP is re the

vanishing
P

ec f
entab

Not 4B

No isotopies

displacing B
from

itself



21

Indeed no Homeomorphisms

displace B from itself
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Remark
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Piyush P. Jirwankar went ahead anyways… 

and got it to work!  How could that happen? 

I got the quantifiers wrong!  

Impossible, by `No-go theorem 2’   

But what we need:   
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Choose r fld Y sit
the w limit set of ANY
point is disjoint from B

Here Tf Critif

i i
to

B

r E
Key
M Flow O

CC Flowl 84
145013
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To construct Y take
any

Mouse fin whose critical

pts are distant from B

For example rotate

our previous Muse
for

FCR tr PR

whith had crit pts

pi expire EB

by setting

FCR t goPR

4 gopi
B 1 2,3

got
B

a e go
works
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<latexit sha1_base64="vlL21lqVwYjnU/15oVwD9LjToFg="></latexit>

However the critical points are in the wrong place:

They are Id, exp(⇡E1), exp(⇡E2), exp(⇡E3)

and exp(⇡Ei) 2 B.

<latexit sha1_base64="C9SMesSGNYGV6FPePv6eAlbjS+c="></latexit>

To knock them o↵ of B just translate by almost
any element g0 2 SO(3).

<latexit sha1_base64="YB/O4xd4wiIbwkvvd+bLILpxA30=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8Ei1E1JxNdGKLpxWcU+oA1hMp20QycPZiZCiV34K25cKOLW33Dn3zhts9DWAxfOnHMvc+/xE86ksu1vo7CwuLS8Ulw119Y3Nres7Z2GjFNBaJ3EPBYtH0vKWUTriilOW4mgOPQ5bfqD67HffKBCsji6V8OEuiHuRSxgBCstedaeiYLy3RFCl0iJcs+zUQ3pp2eV7Io9AZonTk5KkKPmWV+dbkzSkEaKcCxl27ET5WZYKEY4HZmdVNIEkwHu0bamEQ6pdLPJ/iN0qJUuCmKhK1Joov6eyHAo5TD0dWeIVV/OemPxP6+dquDCzViUpIpGZPpRkHKkYjQOA3WZoETxoSaYCKZ3RaSPBSZKR2bqEJzZk+dJ47jinFVOb09K1as8jiLswwGUwYFzqMIN1KAOBB7hGV7hzXgyXox342PaWjDymV34A+PzB3plkpA=</latexit>

f(R) = tr(g0PR)

<latexit sha1_base64="jrR8l9ThTFkE8AJfyhlVMqQ9Tnc=">AAAB/3icbVDLSsNAFJ34rPFVFdy4GWwFVyUp+FhW3bisYB/QhjCZTpqhk0mYuRFC7MJfceNCEbf+hjv/xqTtQlsPXDiccy/33uPFgmuwrG9jaXlldW29tGFubm3v7Jb39ts6ShRlLRqJSHU9opngkrWAg2DdWDESeoJ1vNFN4XcemNI8kveQxswJyVByn1MCueSWD80rmeLq0LWqWCc0wBAQwKZbrlg1awK8SOwZqaAZmm75qz+IaBIyCVQQrXu2FYOTEQWcCjY2+4lmMaEjMmS9nEoSMu1kk/vH+CRXBtiPVF4S8ET9PZGRUOs09PLOkECg571C/M/rJeBfOhmXcQJM0ukiPxEYIlyEgQdcMQoizQmhiue3YhoQRSjkkRUh2PMvL5J2vWaf187u6pXG9SyOEjpCx+gU2egCNdAtaqIWougRPaNX9GY8GS/Gu/ExbV0yZjMH6A+Mzx+cIZPt</latexit>

Any g0 such that
<latexit sha1_base64="FUS3gq3k+LPV0k2LWjmWEc0yEkY="></latexit>

g0, g0exp(⇡E1), g0exp(⇡E2)g0exp(⇡E3) /2 B



<latexit sha1_base64="FHHUOwUaafkzMobPXhb+4GaHdvQ="></latexit>

exp(0 ~N) = Id.
exp(⇡ ~N) = exp(⇡(� ~N))
Tr(exp(✓ ~N)) = 1 + 2 cos(✓).

<latexit sha1_base64="wYVZ/n49mYBVG09QQv4yVMuheCE="></latexit>

View (✓, ~N) 2 [0,1)⇥ S2 as
spherical coordinates for R3

<latexit sha1_base64="t8XDiiM4s+r3qTt9EP8beDG0ju8=">AAACEnicbZDLSsNAFIYn9VbjLerSzWArtKAlKXhZFt24kgr2Ak0ok+mkHTqThJlJoYQ+gxtfxY0LRdy6cufbOG2DaPWHgZ/vnMOZ8/sxo1LZ9qeRW1peWV3Lr5sbm1vbO9buXlNGicCkgSMWibaPJGE0JA1FFSPtWBDEfUZa/vBqWm+NiJA0Cu/UOCYeR/2QBhQjpVHXKpvFkhvTY5i6I4LhzaQMXUk5nMOTb1qEXatgV+yZ4F/jZKYAMtW71ofbi3DCSagwQ1J2HDtWXoqEopiRiekmksQID1GfdLQNESfSS2cnTeCRJj0YREK/UMEZ/TmRIi7lmPu6kyM1kIu1Kfyv1klUcOGlNIwTRUI8XxQkDKoITvOBPSoIVmysDcKC6r9CPEACYaVTNHUIzuLJf02zWnHOKqe31ULtMosjDw7AISgBB5yDGrgGddAAGNyDR/AMXowH48l4Nd7mrTkjm9kHv2S8fwHXq5p1</latexit>

(⇡, ~N) ⇠ (⇡,� ~N)

<latexit sha1_base64="fiTSNzHDZkKFSQwbe4+ZWRCoumI="></latexit>

exp(B3) = SO(3)
where B

3 is the closed ball of radius ⇡.
Moreoever exp is a di↵eo on the interior of this ball.


