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One motivation for studying strong forward 
invariance is found in the context of safety:

One way to show that the solutions of

do not reach        when starting in 

is to find a set     satisfying

that is strongly forward invariant (SFI):
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Xg ⇢ K ⇢ Rn\Xb
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K

A set is SFI if every solution starting in the set remains in 
the set for all positive times in the solution’s domain.
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x 2 C ẋ 2 F (x)



The first goal of this talk is to introduce new 
converse Lyapunov-like theorems for SFI for 
constrained differential inclusions
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x 2 C ẋ 2 F (x)

The literature contains converse theorems for                      regarding 
“Barrier certificates,” which can be used to establish safety.

E.g.: Prajna & Rantzer, IFAC WC ’05, Wisniewski & Sloth, IEEE TAC ’16, 
S. Ratschan, IEEE TAC, 2018 (robust safety)
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ẋ = f(x)

And a converse theorem for SFI for Lipschitz ODEs and Lipschitz 
hybrid systems, concluding with functions that are only lower 
semicontinuous or assuming robust SFI to get smooth functions.

E.g.: Maghenem & Sanfelice, HSCC 2019 (hybrid), IEEE TAC ’23 (ODEs), 
J. Liu. IEEE TAC 2022 (ODEs), Y. Meng and J. Liu. NAHS, 2023 (hybrid).



Endpoint for today’s talk: a set of Lyapunov-like 
sufficient conditions for SFI for interconnections

<latexit sha1_base64="1BVSW+a1HX0ptnMhZFoEx2ZW5Nk=">AAACKnicbZBNS8MwGMdTX+d8q3r0EhzCBBmtyPQ4HYjHCe4F1jLSLNvC0rRLUt0o+zxe/CpedlCGVz+I6daD23wg4cf/nyfJ8/dCRqWyrKmxtr6xubWd2cnu7u0fHJpHxzUZRAKTKg5YIBoekoRRTqqKKkYaoSDI9xipe/1y4tdfiJA04M9qFBLXR11OOxQjpaWWeZcftmI6vnxN9gvoUA7LCUJnMIhQGzrtQMXD8VzS5kNCCz0tM2cVrFnBVbBTyIG0Ki1zoi/FkU+4wgxJ2bStULkxEopiRsZZJ5IkRLiPuqSpkSOfSDeejTqG51ppw04g9OIKztS/HTHypRz5nj7pI9WTy14i/uc1I9W5dWPKw0gRjucPdSIGVQCT3GCbCoIVG2lAWFD9V4h7SCCsdLpZHYK9PPIq1K4KdrFQfLrOle7TODLgFJyBPLDBDSiBR1ABVYDBG/gAn+DLeDcmxtT4nh9dM9KeE7BQxs8v2lOnkg==</latexit>

(xi, wi) 2 Ci ẋi 2 Fi(xi, wi)Subsystems:

Interconnection condition:
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x := (x1, . . . , xN ), w := (w1, . . . , wN )
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(x,w) 2 H

Interested in SFI for a set of the form:
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K := K1 ⇥ · · ·⇥KN

Sufficient conditions motivated by necessary conditions for 
SFI for Lipschitz inclusions, where interconnection results of 
this type have already been established.  
(Saoud/Girard/Fribourg, Automatica, 2021, “Assume-guarantee contracts for CT systems” )
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i 2 {1, . . . , N}



New converse Lyapunov-like theorems are available 
for SFI for constrained differential inclusions

Assumptions
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1) C ⇢ Rn is closed.
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2) F : Rn ◆ Rn is outer semicontinuous and locally bounded
with values that are nonempty and convex on C.
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3) The SFI set K ⇢ C is nonempty and compact.
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Converse theorem 1:
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K is SFI if and only if

Question:  
Can a function be found that is smooth everywhere?
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For any bounded and open neighborhood U ⇢ Rn of K
there exists a continuous function V : U ! R�0 that is
smooth on U \K such that V (x) = 0 () x 2 K and

rV (x) · f  V (x) 8x 2 (U \ C) \K, 8f 2 F (x).

Answer: currently unknown.



Converse theorem 2:

<latexit sha1_base64="bePJgt5Z1ZF1/5Xy34iSFUdoH34=">AAACAnicbVDLSgMxFM3UV62vUVfiJtgKrspMF9VlURDFTUX7gHYomUymDc0kQ5IRylDc+CtuXCji1q9w59+YtrPQ1gOBwzn3cnOOHzOqtON8W7ml5ZXVtfx6YWNza3vH3t1rKpFITBpYMCHbPlKEUU4ammpG2rEkKPIZafnDi4nfeiBSUcHv9SgmXoT6nIYUI22knn1QuilBquDd5TWkIUQ8gIKzkeE9u+iUnSngInEzUgQZ6j37qxsInESEa8yQUh3XibWXIqkpZmRc6CaKxAgPUZ90DOUoIspLpxHG8NgoAQyFNI9rOFV/b6QoUmoU+WYyQnqg5r2J+J/XSXR45qWUx4kmHM8OhQmDWsBJHzCgkmBtEgcUYUnNXyEeIImwNq0VTAnufORF0qyU3Wq5elsp1s6zOvLgEByBE+CCU1ADV6AOGgCDR/AMXsGb9WS9WO/Wx2w0Z2U7++APrM8fC6OVUg==</latexit>

K is SFI if and only if

Key differences relative to converse theorem 1:
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2) V is exponentially decreasing rather than
potentially exponentially increasing.
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For any bounded and open neighborhood U ⇢ Rn+1 of K ⇥ [0, 1]
there exists a smooth function V : U ! R�0 such that
V (x, ⌧) = 0 () (x, ⌧) 2 K ⇥ [0, 1] and

rV (x, ⌧) · (f, 1)  �V (x, ⌧) 8(x, ⌧) 2 U \ (C ⇥ [0, 1]), 8f 2 F (x).
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1) V is smooth everywhere



Sketch of necessity proof in converse theorem 2:
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<latexit sha1_base64="LDiDp4GYOLKw6yeijVsEcj5kXHs=">AAACGnicbVA9SwNBFNzzM8avqKXNYhCswl2KaBkURLuIRoUYwru9l2TJ3t6x+04Iwd9h41+xsVDETmz8N+7FFGocWBhm3mPfTJgqacn3P72Z2bn5hcXCUnF5ZXVtvbSxeWmTzAhsikQl5joEi0pqbJIkhdepQYhDhVfh4Cj3r27RWJnoCxqm2I6hp2VXCiAndUqBlVogl8Sl5efHpxx0xFUiQKkhz9xkYmLHgMiAIHmLlU6p7Ff8Mfg0CSakzCZodErvN1Eishg1CQXWtgI/pfYIDEmh8K54k1lMQQyghy1HNcRo26NxtDu+65SIuyvc08TH6s+NEcTWDuPQTcZAffvXy8X/vFZG3YP2SOo0I9Ti+6NupjglPO+JR9KgIBc9kiCMdLdy0Ye8BNdm0ZUQ/I08TS6rlaBWqZ1Vy/XDSR0Fts122B4L2D6rsxPWYE0m2D17ZM/sxXvwnrxX7+17dMab7GyxX/A+vgCFbqCY</latexit>

since it is SFI and locally uniformly attractive.

<latexit sha1_base64="GPcPnN7o53jPpF+tsk/yaH3Fgy4=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjMi0WPQi8cIZoHMEHo6NUmTnsVehBDyG148KOLVn/Hm39hJ5qCJDwoe71V1V70wE1xp1/12CmvrG5tbxe3Szu7e/kH58KilUiMZNlkqUtkJqULBE2xqrgV2Mok0DgW2w9HtzG8/oVQ8TR70OMMgpoOER5xRbSXfDwVlI/VoqMReueJW3TnIKvFyUoEcjV75y++nzMSYaCaoUl3PzXQwoVJzJnBa8o3CzD5PB9i1NKExqmAy33lKzqzSJ1EqbSWazNXfExMaKzWOQ9sZUz1Uy95M/M/rGh1dBxOeZEZjwhYfRUYQnZJZAKTPJTItxpZQJrndlbAhlZRpG1PJhuAtn7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMMjgGV7hzTHOi/PufCxaC04+cwx/4Hz+AFe9kec=</latexit>⌅

<latexit sha1_base64="aiWpIJJJa4HbIjAK4xGBoRM9vnc=">AAACJXicbVC7TgMxEPTxJrwClDQWERI00R0FUFDwaCgoQBASKYmiPd8esfCdT/Ye0iniZ2j4FRoKEEKi4ldwHgUEthrP7Hp3JsyUtOT7n97E5NT0zOzcfGlhcWl5pby6dmN1bgTWhFbaNEKwqGSKNZKksJEZhCRUWA/vTvt6/R6NlTq9piLDdgK3qYylAHJUp3woLVdagFIFB1skGWmSw6clcL/w7fPjqx0ea8Opi7xbhEZG3BaWMOmUK37VHxT/C4IRqLBRXXTKb61IizzBlIQCa5uBn1G7B8btVPhQauUWMxB3cItNB1NI0LZ7A5cPfMsx0eCQWKfEB+zPiR4k1jkIXWcC1LXjWp/8T2vmFB+0ezLNcsJUDBfFueKkeT8yHkmDglwikQRhpLuViy4YEOSCLbkQgnHLf8HNbjXYq+5d7laOTkZxzLENtsm2WcD22RE7YxesxgR7ZM/slb15T96L9+59DFsnvNHMOvtV3tc3Z4WlMg==</latexit>

is locally asymptotically stable (LAS) for the hybrid system

<latexit sha1_base64="rwkGK4tNe69jNRixLKL8bbAG//8="></latexit>

Now invoke converse Lyapunov theorem
for LAS for hybrid systems.

<latexit sha1_base64="ubyVO7bZfn/gnJqCsJv1oipm2Fc="></latexit>

Since K is SFI for x 2 C, ẋ 2 F (x), the set K ⇥ [0, 1]



Robustness corollary of converse theorem 2, which 
is used in the proof of converse theorem 1:

<latexit sha1_base64="SkJ7UCj1YF2pa0xpF8lL2zU7Yv0=">AAAB+3icbVBNT8JAEJ3iF+IX4tHLRjDxRFoO6JFoYiReMMpHAg3ZLlvYsN02u1sjafgrXjxojFf/iDf/jQv0oOBLJnl5byYz87yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDQkuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vhq5rcfqVQsFA96ElE3wEPBfEawNlI/X6j7qHRbQkyh++s60iNqxKJdtudAq8RJSRFSNPr5r94gJHFAhSYcK9V17Ei7CZaaEU6nuV6saITJGA9p11CBA6rcZH77FJ0aZYD8UJoSGs3V3xMJDpSaBJ7pDLAeqWVvJv7ndWPtX7gJE1GsqSCLRX7MkQ7RLAg0YJISzSeGYCKZuRWREZaYaBNXzoTgLL+8SlqVslMtV+8qxdplGkcWjuEEzsCBc6jBDTSgCQSe4Ble4c2aWi/Wu/WxaM1Y6cwR/IH1+QMi7pKX</latexit>

If K is SFI then

<latexit sha1_base64="K8QXtmbl0XWl0PD3nv6ouTLtu3Y=">AAACFnicbVDLSsNAFJ3UV62vqks3g0WooCURqS6LBXFZwT6gCWEymbRDJ5M4M5GW0K9w46+4caGIW3Hn3zhts9DWAxcO59w7c+/xYkalMs1vI7e0vLK6ll8vbGxube8Ud/daMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vYG9YnffiBC0ojfqVFMnBD1OA0oRkpLbvF0CG3KYd1NbdGPxifQvk+QD20/UulwPPWuM688PHaLJbNiTgEXiZWREsjQcItf+iWchIQrzJCUXcuMlZMioShmZFywE0lihAeoR7qachQS6aTTs8bwSCs+DCKhiys4VX9PpCiUchR6ujNEqi/nvYn4n9dNVHDppJTHiSIczz4KEgZVBCcZQZ8KghUbaYKwoHpXiPtIIKx0kgUdgjV/8iJpnVWsaqV6e16qXWVx5MEBOARlYIELUAM3oAGaAINH8AxewZvxZLwY78bHrDVnZDP74A+Mzx/2lp6m</latexit>

x 2 C⇢, ẋ 2 F⇢(x)
<latexit sha1_base64="grDcWdVZIKrmWK8tOPRw8sRiKdE=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxIncUaEm0scTEAxK4kL1lDjbs7V129zSE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv5TyNU2C9X3Kq7AFknXk4qkKPZL3/1BgnLYpSGCap113NTE0ypMpwJnJV6mcaUsjEdYtdSSWPUwXRx7IxcWGVAokTZkoYs1N8TUxprPYlD2xlTM9Kr3lz8z+tmJroOplymmUHJlouiTBCTkPnnZMAVMiMmllCmuL2VsBFVlBmbT8mG4K2+vE5atapXr9bva5XGTR5HEc7gHC7BgytowB00wQcGHJ7hFd4c6bw4787HsrXg5DOn8AfO5w/8UI7Q</latexit>

where
<latexit sha1_base64="GcxsfTc6Zi91xyjTuqX5nKdSOSs="></latexit>

C⇢ :=
n
x 2 Rn :

⇣
x+ ⇢ (|x|K)B

⌘
\ C 6= ;

o

<latexit sha1_base64="a+Iui0FlKhAR5wv8VBgLZsADDUc="></latexit>

F⇢(x) := coF
⇣
(x+ ⇢ (|x|K)B) \ C

⌘
+ ⇢(|x|K)B

<latexit sha1_base64="pRJ5uRUSzGu25LjLzd6hXTmom5M="></latexit>

there exists ⇢ 2 K such that K is SFI for

Sketch of proof: local asymptotic stability is robust.
<latexit sha1_base64="GPcPnN7o53jPpF+tsk/yaH3Fgy4=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjMi0WPQi8cIZoHMEHo6NUmTnsVehBDyG148KOLVn/Hm39hJ5qCJDwoe71V1V70wE1xp1/12CmvrG5tbxe3Szu7e/kH58KilUiMZNlkqUtkJqULBE2xqrgV2Mok0DgW2w9HtzG8/oVQ8TR70OMMgpoOER5xRbSXfDwVlI/VoqMReueJW3TnIKvFyUoEcjV75y++nzMSYaCaoUl3PzXQwoVJzJnBa8o3CzD5PB9i1NKExqmAy33lKzqzSJ1EqbSWazNXfExMaKzWOQ9sZUz1Uy95M/M/rGh1dBxOeZEZjwhYfRUYQnZJZAKTPJTItxpZQJrndlbAhlZRpG1PJhuAtn7xKWhdVr1at3V9W6jd5HEU4gVM4Bw+uoA530IAmMMjgGV7hzTHOi/PufCxaC04+cwx/4Hz+AFe9kec=</latexit>⌅



Stronger robust SFI equals Lyapunov function

<latexit sha1_base64="K8QXtmbl0XWl0PD3nv6ouTLtu3Y=">AAACFnicbVDLSsNAFJ3UV62vqks3g0WooCURqS6LBXFZwT6gCWEymbRDJ5M4M5GW0K9w46+4caGIW3Hn3zhts9DWAxcO59w7c+/xYkalMs1vI7e0vLK6ll8vbGxube8Ud/daMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vYG9YnffiBC0ojfqVFMnBD1OA0oRkpLbvF0CG3KYd1NbdGPxifQvk+QD20/UulwPPWuM688PHaLJbNiTgEXiZWREsjQcItf+iWchIQrzJCUXcuMlZMioShmZFywE0lihAeoR7qachQS6aTTs8bwSCs+DCKhiys4VX9PpCiUchR6ujNEqi/nvYn4n9dNVHDppJTHiSIczz4KEgZVBCcZQZ8KghUbaYKwoHpXiPtIIKx0kgUdgjV/8iJpnVWsaqV6e16qXWVx5MEBOARlYIELUAM3oAGaAINH8AxewZvxZLwY78bHrDVnZDP74A+Mzx/2lp6m</latexit>

x 2 C⇢, ẋ 2 F⇢(x)

Inspired by: J. Liu. “Converse barrier functions via Lyapunov functions” EEE TAC 2022

Converse theorem 3:
<latexit sha1_base64="1a2TdPbj6qZyBdEKpFeJoZfsTNo="></latexit>

There exists ⇢ 2 K+ such that K is SFI for

<latexit sha1_base64="BP/Xg+IpBeZE/LbD4UXo4Scr7ko=">AAAB9XicbVA9TwJBEJ3DL8Qv1NJmIzGxIncUYEm0scREPhI4yd7eHmzY273s7mnIhf9hY6Extv4XO/+NC1yh4EsmeXlvJjPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wuZn73UeqNJPi3kwT6sd4JFjECDZWemARwiJEUvApYtGwXHGr7gJonXg5qUCO1rD8NQglSWMqDOFY677nJsbPsDKMcDorDVJNE0wmeET7lgocU+1ni6tn6MIqIYqksiUMWqi/JzIcaz2NA9sZYzPWq95c/M/rpya68jMmktRQQZaLopQjI9E8AhQyRYmxH4cME8XsrYiMscLE2KBKNgRv9eV10qlVvXq1flerNK/zOIpwBudwCR40oAm30II2EFDwDK/w5jw5L86787FsLTj5zCn8gfP5A7P3kgI=</latexit>

if and only if

<latexit sha1_base64="PGQBueOd/xS13+HJdxewZ5j4bzo="></latexit>

there exist ⇢0 2 K+, a bounded, open neighborhood
U ⇢ Rn of K and a smooth function V : U ! R�0

such that V (x) = 0 () x 2 K and

rV (x) · f  �V (x) 8x 2 U \ C⇢0 , 8f 2 F⇢0(x).



New converse Lyapunov-like theorems are available 
for SFI for constrained differential inclusions

Assumptions
<latexit sha1_base64="fyMadNhDiFQ8k+u/Q/mSkA+3F7Y=">AAACEXicbVA9TwJBEN3DL8Qv1NJmI5hgQ+4o0JJIY4lGPhLuJHvLABv29i67eybkwl+w8a/YWGiMrZ2d/8Y9oFDwJZO8vDeTmXl+xJnStv1tZdbWNza3stu5nd29/YP84VFLhbGk0KQhD2XHJwo4E9DUTHPoRBJI4HNo++N66rcfQCoWijs9icALyFCwAaNEG6mXLznnuFjHrop9BRq7AdEj309up/eJmBYxU5jyUEG/3MsX7LI9A14lzoIU0AKNXv7L7Yc0DkBoyolSXceOtJcQqRnlMM25sYKI0DEZQtdQQQJQXjL7aIrPjNLHg1CaEhrP1N8TCQmUmgS+6UwvVsteKv7ndWM9uPQSJqJYg6DzRYOYYx3iNB7cZxKo5hNDCJXM3IrpiEhCtQkxZ0Jwll9eJa1K2amWqzeVQu1qEUcWnaBTVEIOukA1dI0aqIkoekTP6BW9WU/Wi/VufcxbM9Zi5hj9gfX5A0aqnBc=</latexit>

1) C ⇢ Rn is closed.

<latexit sha1_base64="1uT8KZJ4mCOX0eDbFMSbGBeIRcA="></latexit>

2) F : Rn ◆ Rn is outer semicontinuous and locally bounded
with values that are nonempty and convex on C.

<latexit sha1_base64="ZZ6xNrLVaPMQJZAaVNEG57pN7G4="></latexit>

3) The SFI set K ⇢ C is nonempty and compact.
<latexit sha1_base64="xi2WRrxsTGYiop8kp4laX9wGrok="></latexit>

4) F is L-Lipschitz on a neighborhood of K.
<latexit sha1_base64="yuPJbmIM9+5e78pvfjgFHAiOwOw="></latexit>

9� > 0 : F (y) ⇢ F (x) + L|x� y|B 8x, y 2 K + �B

<latexit sha1_base64="0hbVVaU2C+z5O/glJmVr9T3QDKA=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoiUl0WC+Kygn1AE8pkMm2HTibpzERaQpdu/BU3LhRx6ye482+cpllo64ELh3Punbn3eBGjUlnWt5FbWV1b38hvFra2d3b3zP2DpgxjgUkDhywUbQ9JwignDUUVI+1IEBR4jLS8YW3mtx6IkDTk92oSETdAfU57FCOlpa55PIYO5bAGndEoRj50/FAl42kq3pTGZ12zaJWtFHCZ2Bkpggz1rvmln8BxQLjCDEnZsa1IuQkSimJGpgUnliRCeIj6pKMpRwGRbpIeMoWnWvFhLxS6uIKp+nsiQYGUk8DTnQFSA7nozcT/vE6selduQnkUK8Lx/KNezKAK4SwV6FNBsGITTRAWVO8K8QAJhJXOrqBDsBdPXibN87JdKVfuLorV6yyOPDgCJ6AEbHAJquAW1EEDYPAInsEreDOejBfj3fiYt+aMbOYQ/IHx+QOGSZhn</latexit>

x 2 C ẋ 2 F (x)

<latexit sha1_base64="CfuuJWVhXEgd/smFyIWwgJnoQNo=">AAACIHicbVC7TsMwFHV4U14FRhaLggRLlXQARh5SBVsRFJDaqnLcG7DqOJF9g1pF+RQWfoWFAYRgg6/BDR2g5UxH59x7fXz8WAqDrvvpTExOTc/Mzs0XFhaXlleKq2tXJko0hzqPZKRvfGZACgV1FCjhJtbAQl/Ctd89GfjX96CNiNQl9mNohexWiUBwhlZqF/ebCD3M76S+TCBLj1SHCqTC0IvqGQ0iTbeanQjTXkabQtHqTm93q5y1iyW37Oag48QbkhIZotYuftgrPAlBIZfMmIbnxthKmUbBJWSFZmIgZrzLbqFhqWIhmFaaB8votlU6eZYgUkhz9fdGykJj+qFvJ0OGd2bUG4j/eY0Eg4NWKlScICj+81CQSIoRHbRFO0IDR9m3hHEtbFbK75hmHG2nBVuCN/rlcXJVKXt75b3zSunweFjHHNkgm2SHeGSfHJJTUiN1wskDeSIv5NV5dJ6dN+f9Z3TCGe6skz9wvr4BOwiiUg==</latexit>

And it is SFI for ẋ 2 F (x).



Converse theorem 4:

<latexit sha1_base64="bePJgt5Z1ZF1/5Xy34iSFUdoH34=">AAACAnicbVDLSgMxFM3UV62vUVfiJtgKrspMF9VlURDFTUX7gHYomUymDc0kQ5IRylDc+CtuXCji1q9w59+YtrPQ1gOBwzn3cnOOHzOqtON8W7ml5ZXVtfx6YWNza3vH3t1rKpFITBpYMCHbPlKEUU4ammpG2rEkKPIZafnDi4nfeiBSUcHv9SgmXoT6nIYUI22knn1QuilBquDd5TWkIUQ8gIKzkeE9u+iUnSngInEzUgQZ6j37qxsInESEa8yQUh3XibWXIqkpZmRc6CaKxAgPUZ90DOUoIspLpxHG8NgoAQyFNI9rOFV/b6QoUmoU+WYyQnqg5r2J+J/XSXR45qWUx4kmHM8OhQmDWsBJHzCgkmBtEgcUYUnNXyEeIImwNq0VTAnufORF0qyU3Wq5elsp1s6zOvLgEByBE+CCU1ADV6AOGgCDR/AMXsGb9WS9WO/Wx2w0Z2U7++APrM8fC6OVUg==</latexit>

K is SFI if and only if

<latexit sha1_base64="TUQwKhFjHulcvyTvdWrIE4mqHG0="></latexit>

↵1|x|2K  V (x)  ↵2|x|2K
|rV (x)|  ↵3|x|K

rV (x) · f  �V (x) 8f 2 F (x)

<latexit sha1_base64="LJfuv3cBfGfGCLFQec0NcMTlnKg="></latexit>

For every 0 < ↵1 < 1 < ↵2, � > 2L, and ↵3 > 2 there exists
a C1 function V : Rn ! R�0 that is smooth on Rn\K
such that, for every x 2 K + �0B,



We turn to interconnections:

<latexit sha1_base64="1BVSW+a1HX0ptnMhZFoEx2ZW5Nk=">AAACKnicbZBNS8MwGMdTX+d8q3r0EhzCBBmtyPQ4HYjHCe4F1jLSLNvC0rRLUt0o+zxe/CpedlCGVz+I6daD23wg4cf/nyfJ8/dCRqWyrKmxtr6xubWd2cnu7u0fHJpHxzUZRAKTKg5YIBoekoRRTqqKKkYaoSDI9xipe/1y4tdfiJA04M9qFBLXR11OOxQjpaWWeZcftmI6vnxN9gvoUA7LCUJnMIhQGzrtQMXD8VzS5kNCCz0tM2cVrFnBVbBTyIG0Ki1zoi/FkU+4wgxJ2bStULkxEopiRsZZJ5IkRLiPuqSpkSOfSDeejTqG51ppw04g9OIKztS/HTHypRz5nj7pI9WTy14i/uc1I9W5dWPKw0gRjucPdSIGVQCT3GCbCoIVG2lAWFD9V4h7SCCsdLpZHYK9PPIq1K4KdrFQfLrOle7TODLgFJyBPLDBDSiBR1ABVYDBG/gAn+DLeDcmxtT4nh9dM9KeE7BQxs8v2lOnkg==</latexit>

(xi, wi) 2 Ci ẋi 2 Fi(xi, wi)Subsystems:

Interconnection condition:
<latexit sha1_base64="K823buKNFd20LHY3t09E2ydQToE=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARKpQyI1JFEIpuXEkFe4HOMGQyaRuauZhkbMvQN3Hjq7hxoYi469uYtrOorQcCf/7vHJLzuxGjQhrGWMusrK6tb2Q3c1vbO7t7+v5BXYQxx6SGQxbyposEYTQgNUklI82IE+S7jDTc3u2EN54JFzQMHuUwIraPOgFtU4ykshy9PLi6LgycxBwVLeaFUhTV5X50WoTWU4w82Fe4P4/7U+zoeaNkTAsuCzMVeZBW1dF/LC/EsU8CiRkSomUakbQTxCXFjIxyVixIhHAPdUhLyQD5RNjJdL8RPFGOB9shVyeQcOrOTyTIF2Lou6rTR7IrFtnE/I+1Ytm+tBMaRLEkAZ491I4ZlCGchAU9ygmWbKgEwpyqv0LcRRxhqSLNqRDMxZWXRf2sZJZL5YfzfOUmjSMLjsAxKAATXIAKuANVUAMYvIA38AE+tVftXfvSvmetGS2dOQR/Shv/AugVobA=</latexit>

x := (x1, . . . , xN ), w := (w1, . . . , wN )
<latexit sha1_base64="BaVAbcpbdAWdEgk1fcZT/Svosi0=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJUkLIrUj0WvfRYwX7AdinZNG1Ds8mSZNWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWJNORO0YZjhtB0riqOQ01Y4up36rQeqNJPi3oxjGkR4IFifEWys5Jeezh/PUIcJVOsWim7ZnQEtEy8jRchQ7xa+Oj1JkogKQzjW2vfc2AQpVoYRTif5TqJpjMkID6hvqcAR1UE6O3mCTq3SQ32pbAmDZurviRRHWo+j0HZG2Az1ojcV//P8xPSvg5SJODFUkPmifsKRkWj6P+oxRYnhY0swUczeisgQK0yMTSlvQ/AWX14mzYuyVylX7i6L1ZssjhwcwwmUwIMrqEIN6tAAAhKe4RXeHOO8OO/Ox7x1xclmjuAPnM8ffEmQGg==</latexit>

(x,w) 2 H

Interested in SFI for a set of the form:
<latexit sha1_base64="X7SzebtdNsO764BJ9ccj6n1btzE=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWZEqghC0Y1QkAr2AW0ZMpm0Dc1khuSOUIb+gBt/xY0LRdy6d+ffmD4EbT0QOPece7m5x48F1+A4X1ZmYXFpeSW7mltb39jcsrd3ajpKFGVVGolINXyimeCSVYGDYI1YMRL6gtX9/tXIr98zpXkk72AQs3ZIupJ3OCVgJM8+KJ9f4LKXukPcAh4yjVs0iED/VMa6GXp23ik4Y+B54k5JHk1R8ezPVhDRJGQSqCBaN10nhnZKFHAq2DDXSjSLCe2TLmsaKolZ1U7H1wzxoVEC3ImUeRLwWP09kZJQ60Hom86QQE/PeiPxP6+ZQOesnXIZJ8AknSzqJAJDhEfR4IArRkEMDCFUcfNXTHtEEQomwJwJwZ09eZ7UjgtusVC8PcmXLqdxZNEe2kdHyEWnqISuUQVVEUUP6Am9oFfr0Xq23qz3SWvGms7soj+wPr4BqZ+auA==</latexit>

K := K1 ⇥ · · ·⇥KN

<latexit sha1_base64="03aSSNl87YE+x0wzn8j0GNQRwnk=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBbBQymJSPVY9OJJKtgPaELZbDft0s0m7E6EEnr14l/x4kERr/4Db/4bt20O2vpg4PHeDDPzgkRwDY7zbRVWVtfWN4qbpa3tnd09e/+gpeNUUdaksYhVJyCaCS5ZEzgI1kkUI1EgWDsYXU/99gNTmsfyHsYJ8yMykDzklICRejbm2OMSe4KF4GVuxRP9GHTlFnuKD4bgTXp22ak6M+Bl4uakjHI0evaX149pGjEJVBCtu66TgJ8RBZwKNil5qWYJoSMyYF1DJYmY9rPZJxN8YpQ+DmNlSgKeqb8nMhJpPY4C0xkRGOpFbyr+53VTCC/9jMskBSbpfFGYCgwxnsaC+1wxCmJsCKGKm1sxHRJFKJjwSiYEd/HlZdI6q7q1au3uvFy/yuMooiN0jE6Riy5QHd2gBmoiih7RM3pFb9aT9WK9Wx/z1oKVzxyiP7A+fwBOGJl8</latexit>

i 2 {1, . . . , N}



Assumption:
<latexit sha1_base64="o72VQPmRTs7bQaFPX+i5dWqEzgA="></latexit>

There exist compact sets Wi ⇢ Rmi , i = 1, . . . , N , and constants � > 0 and
µ > 0 such that, with the definition W := W1 ⇥ · · ·⇥WN ,

1. the following implication holds:

x 2 K + �B
(x,w) 2 H

�
=) |w|W  µ|x|K ,

and

2. for i = 1, . . . , N ,

(a) the mapping Fi is Lipschitz on (Ki ⇥Wi) + �B and

(b) Ki is strongly forward invariant for ẋi 2 Fi(xi,Wi).

Theorem:

Cf. Saoud/Girard/Fribourg, Automatica, 2021, “Assume-guarantee contracts for CT systems” 

<latexit sha1_base64="beAWLjMhYjfqvbPVLb2KSaRONow="></latexit>

Under this assumption, and if Ci = Rni ⇥ Rmi

the set K is SFI for the interconnection.



Sketch of proof:

<latexit sha1_base64="zX3HWcUvkVXDig5TBW5d2pnllJM="></latexit>

fi 2 Fi(xi, wi) =)
rVi(xi) · fi  �iVi(xi) + |rVi(xi)|Li|wi|Wi

 �iVi(xi) + ↵3i|xi|KiLiµ|x|K
 �iVi(xi) +MiV (x)

 �iV (x)

<latexit sha1_base64="fM2AMsDktW1NEg71qgZJt6dbDlw="></latexit>

↵1i|xi|2K  Vi(xi)  ↵2i|xi|2Ki

|rVi(xi)|  ↵3i|x|Ki

rVi(xi) · fi  �iVi(xi) 8fi 2 Fi(xi,Wi)

<latexit sha1_base64="Rv4VWhs4+/xuZAQvkKeDGPMfu5s="></latexit>

1) For each i, invoke Converse theorem 3
for SFI of Ki for ẋi 2 Fi(xi,Wi) to get Vi:

<latexit sha1_base64="D8mgvFmTm6CisLn44WazczrfJkA="></latexit>

2) Show that V (x) :=
PN

i=1 Vi(xi) satisfies
su�cient conditions for SFI of K for interconnection:



Assumption that relaxes the Lipschitz condition
<latexit sha1_base64="o72VQPmRTs7bQaFPX+i5dWqEzgA="></latexit>

There exist compact sets Wi ⇢ Rmi , i = 1, . . . , N , and constants � > 0 and
µ > 0 such that, with the definition W := W1 ⇥ · · ·⇥WN ,

1. the following implication holds:

x 2 K + �B
(x,w) 2 H

�
=) |w|W  µ|x|K ,

and

2. for i = 1, . . . , N ,

(a) the mapping Fi is Lipschitz on (Ki ⇥Wi) + �B and

(b) Ki is strongly forward invariant for ẋi 2 Fi(xi,Wi).

<latexit sha1_base64="a749aHDIfc6YvTegGTOOx26fp54="></latexit>

Under this assumption, the set K is SFI for the interconnection.

Theorem:
admits Lyapunov conditions that follow from SFI in the Lipschitz case for

<latexit sha1_base64="5TyBGlwLiivXkQf8+cGOczJJ78w="></latexit>

wi 2 Wi, (xi, wi) 2 Ci, ẋi 2 Fi(xi, wi)

<latexit sha1_base64="EN3VqzROXjD9zCJx0v4PEGlRfq0="></latexit>

(Ci, Fi) satisfies a linear growth condition in |wi|Wi away from Wi.



Example: (generalized an example in Saoud/Girard/Fribourg, Automatica, 2021)
<latexit sha1_base64="Ky6B8Qi4QkhXitfMpa7Ajhs19Kk="></latexit>

ẋi 2 ��i(xi) + i(wi) =: Fi(xi, wi) i 2 {1, 2}
<latexit sha1_base64="Ax0Ckj2AqAd1lQ+5EIUsyia5tio="></latexit>

(x,w) 2 H := {(x,w) : w1 = x2, w2 = x1}
<latexit sha1_base64="+Mjv1rAwUibdX73AJerSp8YwqCo=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxUUoiUkUoFN0IbirYByQhTCaTdujk0ZmJUEL/wI2/4saFIm7duvNvnKZdaOuByz2ccy8z93gJo0IaxrdWWFpeWV0rrpc2Nre2d/TdvbaIU45JC8cs5l0PCcJoRFqSSka6CSco9BjpeIPrid95IFzQOLqXo4Q4IepFNKAYSSW5+vGtm9ExrMNO3i/r0DIqnlOB9jBFPvSg3SNDaLh62agaOeAiMWekDGZouvqX7cc4DUkkMUNCWKaRSCdDXFLMyLhkp4IkCA9Qj1iKRigkwsnye8bwSCk+DGKuKpIwV39vZCgUYhR6ajJEsi/mvYn4n2elMrhwMholqSQRnj4UpAzKGE7CgT7lBEs2UgRhTtVfIe4jjrBUEZZUCOb8yYukfVo1a9Xa3Vm5cTWLowgOwCE4ASY4Bw1wA5qgBTB4BM/gFbxpT9qL9q59TEcL2mxnH/yB9vkDlMCZ3A==</latexit>

Ki = Wi := [0, b], b � 0
<latexit sha1_base64="jJDkSnI+/HJs5rVqi6Z8i9gNxg4="></latexit>

(x,w) 2 H =) |w|W = |x|K , i.e., µ = 1

Assume:

<latexit sha1_base64="4wSp7yCQme/G8x+8DBz/FXU66Z0="></latexit>

E.g. �i(s) = �i(s) = ais, ai � 0

<latexit sha1_base64="baqPhxJZ6y9MZf9VOEQPRDb5qCs="></latexit>

2) 9�i � 0 such that, for ↵ 2 Ki + �B with ↵ > � = b
or ↵ < � = 0, �i 2 �i(↵) and  i 2  i([0, b]), we have

2(↵� �)(�i �  i) � ��i(↵� �)2.

<latexit sha1_base64="efumFpCb+5qBfloa1SA02b1waLw="></latexit>

1) Sector growth of  i(·) away from [0, b].



New converse theorems for strong forward 
invariance (SFI) have been developed for 
constrained differential inclusions. 

These theorems can be used to interpret and 
extend results on SFI for interconnected 
systems, including interconnected hybrid 
systems (not covered here).


