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Roadmap: 

• Problem and Motivation

• High-dimensional system

• Low-dimensional surrogate model

• Reservoir Computing (RC)

• RC and Synchronization

• “How” RC works

• Synchronization and Observers (Inference)

• Inferring missing data

• Conclusions
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System and Measurements

ሶ𝑥 = 𝑓 𝑥; 𝑝   [ODE or PDE]
𝑥 : “state” of the system 
𝑝 : parameters

𝑦 = ℎ(𝑥)+noise 
𝑦 : measurements

Kinetic
 Fluid
 …
 ROMs
 Stat. Fit
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“State”

Experimental Constraint: dim 𝑦 ≪ dim 𝑥
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MacDonald, Natalia A. "Electric propulsion test and evaluation methodologies for plasma in the 
environments of space and testing (EP TEMPEST)." AFOSR T&E Program Review (2016).
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The facility and thruster are one 
huge dynamical system (plasma).

Hall-Effect Thruster Interacting with Cage
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Ring1

Backwall

Ring6

Ring4
Ring5

Ring3
Ring2

BeamDump

Anode & Cathode

Measurements

• “High Dimensional” Plasma
• Complex system, multiscale, multiphysics 

• Difficult to model computationally

• 9 current measurements: 𝑦

MacDonald, Natalia A. "Electric propulsion test and evaluation methodologies for plasma in the 
environments of space and testing (EP TEMPEST)." AFOSR T&E Program Review (2016).
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Learning Dynamics

ሶ𝑥 = 𝑓 𝑥; 𝑝
𝑦 = ℎ(𝑥)+noise 

Unknown

𝑦𝑛+1 = 𝐹 𝑦𝑛

“Can we predict future measurements 
from data alone?”

Given data 𝑦 , find 𝐹 such that 𝑦𝑛+1 = 𝐹 𝑦𝑛  beyond 
measurement window.

(learn)

True Dynamics

Measurement
Effective Dynamics
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Reservoir Computing: Listening Phase (1/3)

Input Data:     𝑦
Reservoir State:   𝑟
Driven Reservoir:   ሶ𝑟 = −𝑟 + tanh(𝐴𝑟 + 𝐵𝑦)
Integrate (𝑅𝐾2):  𝑟 𝑡1 , 𝑟 𝑡2 , … , 𝑟 𝑡𝑀

𝑟(𝑡)

Input

Set 𝑟 𝑡1 = 0. Stochastic Initialization* for 𝐴, 𝐵. 

*𝐴 sparse (2%) and
   scaled so 𝜌 𝐴 ~1
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Reservoir Computing: Listening Phase (1/3)

Input Data:     𝑦
Reservoir State:   𝑟
Driven Reservoir:   ሶ𝑟 = −𝑟 + tanh(𝐴𝑟 + 𝐵𝑦)
Integrate (𝑅𝐾2):  𝑟 𝑡1 , 𝑟 𝑡2 , … , 𝑟 𝑡𝑀

𝑟(𝑡)

Input

𝐵 =
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Mimic
Input

Reservoir Computing: Training Phase (2/3)

Input Data:     𝑦
Estimate:     ො𝑦
Solve for 𝑊:    𝑦 ≃ ො𝑦 ≝ 𝑊𝑟 ⟹
       

argmin
𝑊

𝑦 − 𝑊𝑟 2

𝑟(𝑡)

Input
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Reservoir Computing: Predicting Phase (3/3)

Driven Reservoir:   ሶ𝑟 = −𝑟 + tanh(𝐴𝑟 + 𝐵𝑦)
Predicting Reservoir: ሶ𝑟 = −𝑟 + tanh([𝐴 + 𝐵𝑊]𝑟)
Integrate (𝑅𝐾2):  𝑟 𝑡𝑀+1 , 𝑟 𝑡𝑀+2 , …
Readout:     ො𝑦 = 𝑊𝑟

𝑟(𝑡)

ො𝑦 = 𝑊𝑟

Compare ො𝑦 and 𝑦.
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Reservoir Computing Phases

𝑟(𝑡)
Mimic
Input

ො𝑦

𝑟(𝑡)𝑟(𝑡)

Input
𝑦

Listen Train Predict

• Drive fixed system
• 𝑨 and 𝑩 arbitrary
• ሶ𝑟 = −𝑟 + tanh(𝑨𝑟 + 𝑩𝑦)

Solve for 𝑊
• 𝑦 ≃ ො𝑦 = 𝑊𝑟
• Linear, fast

Close the feedback loop
• ሶ𝑟 = −𝑟 + tanh 𝐴𝑟 + 𝐵𝑦
• ሶ𝑟 ≃ −𝑟 + tanh 𝐴𝑟 + 𝐵 ො𝑦
• ሶ𝑟 = −𝑟 + tanh 𝐴 + 𝐵𝑊 𝑟

State-Contracting ⟹
Generalized Synchronization Universal Approx.
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Unique Continuous Map across Attractors

Ψ 𝒜𝑦 = 𝒜𝑟

as 𝑡 → ∞

Conjecture:
If dim 𝑟 > 2 dim 𝑦, then Ψ is almost-surely an embedding.

Hart, A., Hook, J., & Dawes, J. (2020). Embedding and approximation 
theorems for echo state networks. Neural Networks, 128, 234-247.

Measurements Reservoir

Generalized Synchronization
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Unique Continuous Map across Attractors

Ψ 𝒜𝑦 = 𝒜𝑟

as 𝑡 → ∞

Conjecture:
If dim 𝑟 > 2 dim 𝑦, then Ψ is almost-surely an embedding.

Hart, A., Hook, J., & Dawes, J. (2020). Embedding and approximation 
theorems for echo state networks. Neural Networks, 128, 234-247.

Measurements Reservoir

Generalized Synchronization
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Role of Each Phase

𝒜𝑦 𝒜𝑦
Φ

𝒜𝑟

Ψ Ψ−1

𝒜𝑟
Γ

𝒜𝑦 𝒜𝑦
Φ

𝒜𝑟

Ψ 𝑊

𝒜𝑟
ത𝜎𝑊

≃

1. Setup: Arbitrary reservoir implies arbitrary map Ψ.

2. Listen: Driven system samples pairs 𝑦 𝑡 , 𝑟 𝑡  such that Ψ 𝑦 𝑡 = 𝑟 𝑡 .

3. Train: Find (linear) approx. 𝑊 s.t. 𝑦 𝑡 = Ψ−1 𝑟 𝑡 ≃ 𝑊𝑟 𝑡 .

4. Predict: Get ത𝜎𝑊 “for free” from 2. and 3.
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RC as Surrogate Model

• 9 measurements

• 12,500 examples

• ~2.6 sec run time
• Python, (old) desktop 

• 7209 ≃ 852 weights
• But 400 nodes/neurons

• Disclaimer:
• Predictions “decay” to 

periodic

• Tune-by-hand 
necessary

• RK2: Δ𝑡 = 0.22
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Leveraging Synchronization of RC
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Identical Synchronization

• Certain nearly-identical systems can synchronize

• (Identical) Synchronization:

• Two (nearly identical, possibly chaotic) systems with different I.C. driven 
by the same input approach the same solution 

• Robust/stable in the presence of: 

• Measurement noise

• Parameter mismatch
Applicable to surrogate models!

Experimental data
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“Complete Replacement”

Drive System 𝑦
ሶ𝑦1 = −𝜎 𝑦2 − 𝑦1

ሶ𝑦2 = 𝑦1 𝜌 − 𝑦3 − 𝑦2

ሶ𝑦3 = 𝑦1𝑦2 − 𝛽𝑦3

Response System 𝑦
ሶො𝑦1 = −𝜎 ො𝑦2 − 𝑦1
ሶො𝑦2 = 𝑦1 𝜌′ − ො𝑦3 − ො𝑦2
ሶො𝑦3 = 𝑦1 ො𝑦2 − 𝛽′ ො𝑦3

𝑦1

𝑦2

𝑦3

ො𝑦1

ො𝑦2

ො𝑦3

Drive         Response

Noiseless and Identical: 
lim
𝑡→∞

𝑦2,3 − ො𝑦2,3 = 0

Noisy and/or Param. Mismatch:

lim
𝑡→∞

𝑦2,3 − ො𝑦2,3 ≤ 𝜖
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Synchronization for Observers (Inference)

???

????

𝑦1

𝑦2

𝑦3

Obtain/train surrogate model

ො𝑦2

ො𝑦3
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Reservoir Computing Phases

𝑟(𝑡)
Mimic
Input

ො𝑦

𝑟(𝑡)𝑟(𝑡)

Input
𝑦

Listen Train Predict

• Drive fixed system
• 𝑨 and 𝑩 arbitrary
• ሶ𝑟 = −𝑟 + tanh(𝑨𝑟 + 𝑩𝑦)

Solve for 𝑊
• 𝑦 ≃ ො𝑦 = 𝑊𝑟
• Linear, fast

Close the feedback loop
• ሶ𝑟 = −𝑟 + tanh 𝐴𝑟 + 𝐵𝑦
• ሶ𝑟 ≃ −𝑟 + tanh 𝐴𝑟 + 𝐵 ො𝑦
• ሶ𝑟 = −𝑟 + tanh 𝐴 + 𝐵𝑊 𝑟
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Reservoir Computing: Inferring Phase

Driven Reservoir:   ሶ𝑟 = −𝑟 + tanh(𝐴𝑟 + 𝐵𝑦)
Inferring Reservoir:  ሶ𝑟 = −𝑟 + tanh(𝐴𝑟 + 𝐵𝑧)
Integrate (𝑅𝐾2):  𝑟 𝑡𝑀+1 , 𝑟 𝑡𝑀+2 , …
Readout:     ො𝑦 = 𝑊𝑟

𝑟(𝑡)

𝑧 = 𝑦1, ො𝑦2, ො𝑦3
⊤

Compare 𝑧 and 𝑦.

Input



Adrian Wong – AFOSR DSCT 2024 22Distribution Statement A: Approved for Public Release; Distribution is Unlimited. PA# AFRL-2024-4325

Synchronization for Observers (Inference)

• Integrate with [𝑦1, ො𝑦2, ො𝑦3]

• Approaches 𝑦1, 𝑦2, 𝑦3
• Even when ො𝑦2, ො𝑦3 have moderate noise

• Even with slight system mismatch

𝑟(𝑡)Predict 𝑟(𝑡)
Input

Infer

𝑧 = 𝑦1, ො𝑦2, ො𝑦3
⊤

ሶ𝑟 = −𝑟 + tanh(𝐴𝑟 + 𝐵𝑧)
ሶ𝑟 = −𝑟 + tanh(𝐴𝑟 + 𝐵 ො𝑦)

Lu, Z., Pathak, J., Hunt, B., Girvan, M., Brockett, R., & Ott, E. (2017). 

Reservoir observers: Model-free inference of unmeasured variables in chaotic 
systems. Chaos: An Interdisciplinary Journal of Nonlinear Science, 27(4).
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Predicting v. Inferring

𝑦1
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Predicting v. Inferring
“Synchronization” Plots

Time
delay 

attractor



25Distribution Statement A: Approved for Public Release; Distribution is Unlimited. PA# AFRL-2024-4325Adrian Wong – AFOSR DSCT 2024

Conclusions: 
• Thruster+Cage as a dynamical system

• Sparsely measured 

• Find effective dynamical system

• Role of sync. in RC

• Unique, continuous → generates samples

• Learn inverse with samples

• Close-loop → “self-consistent” prediction

• Sync. of surrogate models 

• Maintains sync. with noisy data

• Allows for use as observer

• Mechanism for low-fidelity Digital Twin (?)

• Small footprint → Neuromorphic (RI?)

• Acknowledgments: Robert Martin, Justin Koo

Ongoing/Potential work:
• Extension to PDE data
• Pairing with Hi-Fi models
• Pruning of dynamics
• Time delay “preconditioner”
• RC for Controls
• Quantum RC ☺
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