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Outline

1) Antenna array on deployable structures

a. Far-field formula
b. Constructive interference
c. Applications with illustrative examples

2) General time-harmonic solution of Maxwell’s equation

a. Trapezoidal rule
b. Constructive/destructive interference
c. Structure determination



Background: Maxwell’s equation
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Antenna model using oscillating charge

» For single antenna (modelled by an oscillating charge),

1 Y —v \ - . _
Eo(x) = ke (I a4 R 4 )yez(wfﬂ)lxyl

x -y x—-y|  [x-Y¥l
Y : Mean position of charge k.; : Electronic constant
j_'r . Mean acceleration of charge w . Time frequency of the radiation

» For multiple antennas (using superposition),

L A A 1o _t(w/c)|x—
Eo(x) = ke | (I— i | ® 4 )Zyﬂ'e ¢j pi(w/c)|x—y|
J
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Y s. Mean position of antenna array (bj . Relative phase between antenna
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Radiation generated by antenna array

Using simple substitution : ¢; + (w/c) |x — y,;| = ¢,
1 X — Vs X — Vs
(-5 ) 25"

|X — y3| |X — ys )
Relative phase between antennas
parameterized by k1 and ko : @j = fj (k1, k2)

Free parameters
(related to group)

fi's are chosen as to get the desired
Interference pattern in parameter space
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Isometry groups

g=(Qlc), Qe€O0(3), ceR’
gx)=Qx+c, xeR’

Group product |dentity
g1 = (Ri]|c1) g2 = (Ra|ca) 9192 = (R1Rz|c1 + Rqcy) id = (I]0)
Helical group (Abelian, two generators)
{(h'g? :i€Z,5=1,...,n}

h = (Ry|re + (Ry — Dxo}
g = (R27r/n|(R27r/'n, — I)XU}
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Antenna position given by group orbits

Translation group
g1 = (I|aeq)

g2 = (I|bes)
~< L
< Direction of
< —< oscillation
. —~<
L
—< :93 < .
—~< : :
< L ~< Observation point
—~< (far field)
< <
(Constructive interference points can
~< : "
also be found at off-axis positions)
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Position of antenna £m  Yeém = 919?271 (YO)

Phase of antenna £ 11, Pem = 27 (3161 + mko + f\/k% + k%)
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Helical group
g= (Rg|'re) IntenS|ty

y; =9’ (yo)
(,gj = 27 (kl —|—_3"T (kg — \/k%—FkQ

Direction of oscillation:
into the page ® —_—

Yo Observation p0|m
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Conformal group 9= WRel7®
g2 — (R27T/n ‘ O)

Yem = 9195 (¥0)
Com = 2m (Lk1 + mks)

Direction of oscillation:

into the page ) o ® | |
. 8| ; o
Observation point _ 1
N (far field) 6| . Y -
O o ]
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N\ | —
. 0 | &
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Summary

¢ If the antennas are placed at positions defined by a group orbit and suitable
phases are assigned, strong constructive interference can be achieved in
specific (and assignable) directions in the far field.

¢ The structure supporting the antennas may have additional functional
requirements: reconfigurability, functionality.

*» A natural method: origami design by the group orbit method. Match the
groups.



A classic theorem in origami

Theorem. A continuous y satisfies

(two families of
solutions)

forA, Cin SO(2) and B, D in SO(2)P ifandonly ifa+ (3 =1

In these cases, there exists a continuous folding
Vy, : Q1 — RB, —nm < w<m Where Vy, € 0(2,3)
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Where does the group come from?

Two Isometries :
g1 = (Q1lc1) and g2 = (Qz|c2),
g192 = 9291

compatibilty = commutivity

Get a compatible
origami structure:



Application 1 : Monitoring deployable structure

Pom = 27 (Lk1 + mksy)

Color of the antenna { W aly) =) 0 n aly) |

Intensity(k1,k2)

represents its relative phase

Observation point is along a

direction perpendicular to the |
structure In the far field | Ll

~\okding &

Example of
et Based on the interference pattern in parameter space,
the progress of deployment can be determined.

AFOSR Review Kalpesh Jaykar, Richard D. James (2025), Macroscopic emitters
on deployable structures : a group theoretic approach (preprint)
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Application 2 : Validating the deployment

{ ITENIREY { ITENISY

Intensity(k1,k2)

Observation point is
along a direction
perpendicular to
screen In far field

k2

80
60

j 40 Intensity(k1 ,k2)
We get the constructive interference when the structure is\/
completely undeformed to a flat state
January 9, 2025 AFOSR Review Kalpesh Jaykar, Richard D. James (2025), Macroscopic emitters

on deployable structures : a group theoretic approach (preprint)



Application 3 : Display in parameter space

{ Ll { ] Al =
7 Intenthy(M k2) 7

Observation | :
point is | :
along a . N
direction | }
perpendicul 5
ar to screen
In far field o | s 0 |

When the structure is completely folded into helical shape, we can

see the letters “UMN” within interference pattern in parameter space.

January 9, 2025 AFOSR Review Kalpesh Jaykar, Richard D. James (2025), Macroscopic emitters

on deployable structures : a group theoretic approach (preprint)



Back to Maxwell’s equation, but in free space

+ o0 ~+ 00
E(X}t) - —iwt/ / w(k:r;k ) i1(kx :r+kyy—+—’}’z)dk dk

o

/'
2
. k:z: -+ kg, -+ "}’2 = w2/c2 (Monochromatic solution)

Constraints : <
- T, - (km, ky,fy) =0

Januar y 9, 2025 AFOSR Review Plane-wave theory of time-domain field, Thorkild B. Hansen
and Arthur D. Yaghjian



Another approach...

/2
E(X t —zwt/ / / 91,92,93)R3(93)R2(92)R1(91)1’1 B%(RS(QS)Rz(Qg)kD x)dé‘ld@gdﬁg

/2
R,;(6;) is rotation about e; by ;.

Freedom we have

General idea :

« Start with Eg(x) = nge™ ™
such that [ko|* = w?/c?,

* Rotate this in all possible
direction and superimpose

January 9, 2025 AFOSR Review 0 Kalpesh Jaykar, Richard D. James (2025), General monochromatic
solution of Maxwell’s equation in free space and its application(preprint)



Approximation by trapezoidal rule

E(x,t) ~ e ™t Apn(01,,02 .03 YR3(05 )Ra(62 YR1(64 nge’(Rs(0sn)R2(02,, )ko-x)
I 7 T 7 m l
l m n \

_/

Choose different amplitudes
Aimn(01,,02,.,03 ) in approximate
formula or A(64,6-,605) in exact
solution to design different
radiations

~

Maxwell’'s equations
are satisfied at the
discrete level as well.

Kalpesh Jaykar, Richard D. James (2025), General monochromatic
solution of Maxwell’s equation in free space and its application(preprint)



Fast convergence of trapezoidal rule
(Illustrative example)

Red — exact solution
Blue — approximate solution \
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L Number of terms 16
L Maximum normalized error 0.32
January 9, 2025 AFOSR Review Kalpesh Jaykar, Richard D. James (2025), General monochromatic

solution of Maxwell’s equation in free space and its application(preprint)



Fast convergence of trapezoidal rule
(Illustrative example)

Red — exact solution
Blue — approximate solution

L Number of terms 36
L Maximum normalized error 0.11
January 9, 2025 AFOSR Review Kalpesh Jaykar, Richard D. James (2025), General monochromatic

solution of Maxwell’s equation in free space and its application(preprint)



Fast convergence of trapezoidal rule
(Illustrative example)

Red — exact solution
Blue — approximate solution

d Number of terms 64
J Maximum normalized error 6.26 x 10-6
January 9, 2025 AFOSR Review Kalpesh Jaykar, Richard D. James (2025), Genera I monoc hromatic

solution of Maxwell’s equation in free space and its application(preprint)



Why this solution is interesting?

E(x,t) ~ e ! Apn (01,02 .03 YR3(05. )R2(02 YR (64 nge’(Bs (0, )Ra(02,, )ko-x)
l m n n m l
l

i’ T

® Exact solution of the time harmonic Maxwell’s equations

® Extremely fast convergence of approximation by the
Trapezoidal Rule

" The terms in the approximation are synchronized “dipole
antennas”

" Time harmonic Maxwell’s equations are satisfied at both the
discrete level and for the limit



Schematic for structure determination
experiments [

Design A;,., to maximize the
Intensity in given direction
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Intensity pattern with molecules like C,

— ) Cgo molecule
Icosidodecahedron

Vertices of peak intensities
forms icosidodecahedron

January 9, 2025 AFOSR Review
Image courtesy : Olivier Berné et al. (2015), 30 years of cosmic fullerenes.



Intensity pattern with molecule like Ag,,

3-fold ©

5-fold
symmetry g ¥,

symmetry

Ag,, molecule

Again, vertices of
peak intensities forms
iIcosidodecahedron
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Image courtesy : Zhaohua Chen, Zun Xie (2022), J Mol Model.



Intensity pattern with molecule like Au,,

e

.l (-'
[ (W)
&

(/ (/
v
Need to solve the O % o¥

Au,, molecule

inverse problems for
these materials
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Image courtesy : Zhaohua Chen, Zun Xie (2022), J Mol Model.



Thank you

Questions?



Applications in radar technology

TS
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