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Physical Problem

(Spencer, 2020)

Prescribed velocity: Smith 1970’s, Gebhardt 1990’s, Sprangle, Penano 2000’s



Experiments

Wick and Lloyd, (2010)

• 1cm spot (initially)

• 3m path

• 300W

• 1.07𝜇𝑚
• Smoke

• 1cm spot (initially)

• 5m path

• 5W

• 1944.867nm

• 50% humidity

Cook and Richardson, (2020)
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Maxwell

Helmholtz

Paraxial

𝑖𝐴𝑍 +
1

2𝑘
(𝐴𝑋𝑋 + 𝐴𝑌𝑌) + 2𝑛0𝑛1(𝑇)𝐴 = 0

𝐸 = 𝐸
˜

(𝑥, 𝑦, 𝑧)exp(𝑖𝜔𝑡)

Laser Equations

𝐸
˜

= 𝐴(𝜖𝑥, 𝜖𝑦, 𝜖2𝑧)exp(𝑖𝑘𝑧)
𝑛 = 𝑛0 + 𝜖2𝑛1

+

+

𝐴(𝑋, 𝑌, 0) = 𝑓(𝑋, 𝑌)



Fluid Equations

𝑢
⃗

𝑡 + (𝑢
⃗
⋅ 𝛻)𝑢

⃗
= −𝛻𝑝 +

1

𝑅𝑒
Δ𝑢
⃗
+

1

𝐹𝑟2
𝑇𝑒2

𝛻 ⋅ 𝑢
⃗
= 0

𝑇𝑡 + (𝑢
⃗
⋅ 𝛻)𝑇 =

1

𝑃𝑒
Δ𝑇 + 𝑆𝑡|𝐴|2

𝑅𝑒 =
𝑈𝐿

𝜈
, 𝑃𝑒 =

𝑈𝐿

𝜂
, 𝐹𝑟2 =

𝑈2

𝑔𝐿
𝑆𝑡 =

𝑉0
2𝛽𝐿

𝑇0

Flow created by laser → 
• 𝐿 = Beam Diameter

• 𝜕𝑧𝑢 = 𝑂(𝜖2)
• Quiescent initial conditions



Fluid Equations (Part II)

𝜔𝑡 + 𝜓𝑦𝜔𝑥 − 𝜓𝑥𝜔𝑦 =
1

𝑅𝑒
Δ𝜔 +

1

𝐹𝑟2
𝑇𝑥

𝑇𝑡 + 𝜓𝑦𝑇𝑥 − 𝜓𝑥𝑇𝑦 =
1

𝑃𝑒
Δ𝑇 + 𝑆𝑡|𝐴|2

𝑅𝑒 =
𝑈𝐿

𝜈
, 𝑃𝑒 =

𝑈𝐿

𝜂
, 𝐹𝑟2 =

𝑈2

𝑔𝐿
𝑆𝑡 =

𝑉0
2𝛽𝐿

𝑇0

Flow created by laser → 
• 𝐿 = Beam Diameter

• 𝜕𝑧𝑢 = 𝑂(𝜖2)
• Quiescent initial conditions

Stream Function

Vorticity

𝜓𝑦 = 𝑢1, 𝜓𝑥 = −𝑢2

𝜔 = 𝑢2,𝑥 − 𝑢1,𝑦

Δ𝜓 = 𝜔



Initial Data vs Forcing

Large Energy DepositionLarge Initial Flow

This work



Experiments at UCF
†

†Cook, et. al., “Narrow line width 80W tunable thulium-doped fiber laser”, Optics and Laser Tech. ( 2022)



Convective Blooming Dynamics

Experiment

Simulation



Convective Blooming: Time Dynamics



Steady State Convective Blooming

𝜓𝑦𝜔𝑥 − 𝜓𝑥𝜔𝑦 −
1

𝑅𝑒
Δ𝜔 −

1

𝐹𝑟2
𝑇𝑥 = 0

𝜓𝑦𝑇𝑥 − 𝜓𝑥𝑇𝑦 −
1

𝑃𝑒
Δ𝑇 − 𝑆𝑡|𝐴|2 = 0

Δ𝜓 = 𝜔

𝑖𝐴𝑍 +
1

2𝑘
Δ⊥𝐴 + 2𝑛0𝑛1(𝑇)𝐴

= 0

𝐹(𝜓,𝜔, 𝑇, 𝐴) = 0

𝑋𝑡 = 𝐹(𝑋) 𝐹(𝑋) = 0



A Fixed Point Iteration for St=𝜖

* Lane & Akers, “Two-Dimensional Steady Boussinesq Convection: Existence, Computation and Scaling”, Fluids, (2022)

1

𝑅𝑒
Δ𝜔𝑛+1 = 𝜖 𝜓𝑛,𝑦𝜔𝑛,𝑥 − 𝜓𝑛,𝑥𝜔𝑛,𝑦 −

1

𝐹𝑟2
𝑇𝑛,𝑥

1

𝑃𝑒
Δ𝑇𝑛+1 = 𝜖 𝜓𝑛,𝑦𝑇𝑛,𝑥 − 𝜓𝑛,𝑥𝑇𝑛,𝑦 − |𝐴|2

Δ𝜓𝑛+1 = 𝜔𝑛

𝐴0𝑥𝑛 = 𝑏𝑛

• 𝐴0 inverted only 1x

• 𝐴0 is block (and sparse)

• Cost: 𝑂(𝑀2log𝑀)

• Computations for 𝜖 < 𝜖∗

• Existence by contraction mapping



Stokes Expansion

𝑇 = ∑
𝑛=1

∞

𝜖𝑛𝑇𝑛(𝑥, 𝑦)

𝜓 = ∑
𝑛=1

∞

𝜖𝑛𝜓𝑛(𝑥, 𝑦)

𝜔 = ∑
𝑛=1

∞

𝜖𝑛𝜔𝑛(𝑥, 𝑦)

𝐴0𝑥𝑛 = 𝑏
˜

𝑛

𝑏
˜

𝑛 1
= 𝑃𝑒 ∑

ℓ=1

𝑛−1

(𝜕𝑦𝜓ℓ𝜕𝑥𝑇𝑛−ℓ − 𝜕𝑥𝜓ℓ𝜕𝑦𝑇𝑛−ℓ)

𝑏
˜

𝑛 2
= 𝑅𝑒[−𝑅𝑖𝜕𝑥𝑇𝑛 + + ∑

ℓ=1

𝑛−1

(𝜕𝑦𝜓ℓ𝜕𝑥𝜔𝑛−ℓ − 𝜕𝑥𝜓ℓ𝜕𝑦𝜔𝑛−ℓ)]

𝑏
˜

𝑛 3
= −𝜔𝑛

• Same 𝐴0 as fixed point

• Cost of 𝑏
˜

𝑛 > Cost of 𝑏𝑛

•  Compute corrections once for all 𝜖 < 𝜖† 



Stokes Expansion

𝑇 = ∑
𝑛=1

∞

𝜖𝑛𝑇𝑛(𝑥, 𝑦)

∥ 𝑇𝑛 ∥𝐻2≤ 𝐶1
𝐷𝑛−2

(𝑛 + 1)2

Parametric Analyticity

Padè Approximates

𝑇(𝑥, 𝑦, 𝜖) =
∑𝑛𝜖

𝑛𝑝𝑛(𝑥, 𝑦)

∑𝑛𝜖
𝑛𝑞𝑛

• Analytic for 𝜖 < 𝜖† =
1

𝐷

• Extends to first real pole of a Padè approximate
 

• Trefethen’s SVD algorithm for 𝑝𝑛, 𝑞𝑛



Newton Iteration

𝑋𝑛+1 = 𝑋𝑛 − 𝐽(𝑥𝑛)
−1𝐹(𝑥𝑛)

• Use Padè for initial guess

• Permuted Jacobian has bandwidth 3𝑀, 

(𝑀 = 𝑁𝑥 = 𝑁𝑌)

• Cost: 𝑂(𝑀4) ≪ 𝑂(𝑁𝑥
3𝑁𝑦

3) = 𝑂(𝑀6) 
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Method Comparison



Experimental Setup (UCF/Richardson)

Side View

Top View
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Current & Future Work 

• Shape dependence

• Aerosol Effects

• Scaling laws

• Beam Combining



• Akers & Reeger, “Numerical Simulation of Thermal Blooming with Laser-Induced Convection”, JEMWA (2019)

• Akers & Lawrence, “Propagation of high energy lasers through clouds: modeling and simulation”, Applied Optics (2020)

• Lane & Akers, “Two dimensional Steady Boussinesq Convection: Existence, Computation and Scaling”, Fluids (2021)

• Cook, Roumayah, Shin, Thompson, Sincere, Vail, Bodnar, Richardson, “Narrow line width 80W tunable thulium doped fiber 

laser”, Optics and Laser Tech. (2022)

• Lane, Cook, Richardson, & Akers “Numerical Simulation of steady state thermal blooming with natural convection” Applied 

Optics (2023)

• Akers & Liu “Thermal effects in short laser pulses: Suppression of Wave Collapse” Wave Motion (2023)

• Williams & Akers “Numerical simulation of the KdV equation with Machine Learning”, Mathematics, (2023)

• Akers, Fiorino, & Reeger “Thermal blooming with laser-induced convection: Radial Basis Function Simulation” Applied Optics 

(2023)

• Akers & Williams, “Coarse Gridded Simulation of the Nonlinear Schrödinger Equation”, Mathematics (2024)

• Lane, Akers, “Steady Boussinesq Convection: Parametric analyticity and Computation”  Studies in Applied Math (2024)

• Lane, Akers, & Reeger “Asymmetric Steady Thermal Blooming” submitted to Applied Optics
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