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Motivation:  
Why a propagation testbed? 

 
 
 

 Need to test hypotheses and approximations (e.g., homogeneity, 
isotropy and stationarity of turbulence; Taylor hypothesis; 
Markov approximation; geometrical-optics approximation; 
negligibility of fluctuating aerosol concentrations) 
 

 Need to compare optical observations/retrievals with accurate, 
precise, fast-response, simultaneous, in-situ observations along 
the propagation path.  

 
 
 



 

Equipment and experimental setup 
 

 
 
Equipment: 
 
 

 Telescopes  
 

 CCD cameras 
 

 Ultrasonic anemometers/thermometers (“sonics”) 
 

 Test-light arrays 



Telescopes

Sonic Tower 2

Sonic Tower 3

LED Arrays

1.45 m
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Sonic Tower 1

40 m

Sonic Tower 4

40 m

Figure 1: Experimental setup of several optical propagation experiments conducted in August, 2012
at the Boulder Atmospheric Observatory near Erie, CO. Only data from the two sonics marked by
the red box have been used for the present study.

at 1.3o. Each of the two test-light arrays (TLAs) held four light-emitting diodes (LEDs) arranged
at the corners of a 10 cm × 10 cm square facing the telescopes. During the measurements, the
four LEDs of each TLA remained in the field of view of the respective telescope. Each telescope
was equipped with a digital camera (Lumenera, M075), and each camera collected 60 frames per
second. By means of a laptop personal computer, the two image sequences were stored on the same
hard drive.

A total of 3.024× 106 frames were collected without interruption during the 7-h long experiment,
which began at 2122 LT and ended at 0422 LT. From each frame, the vertical and horizontal
(lateral) centroid coordinates of each of the four test-light images were calculated. These centroid
coordinates were then interpreted as aperture-averaged, vertical (α) and lateral (β) AOAs of the
optical waves emitted by the respective test lights. Here, we consider only AOAs from the upper
left test light of the respective TLA.

Eight ultrasonic anemometer-thermometers (“sonics”) were operational during the experiment.
Here, however, we consider only data from the two lower-most sonics of Tower 2 (marked by the
red box in Fig. 1), which was located 47 m away from the telescopes. The two sonics’ measurement
volumes were centered at 1.45 m and 2.15 m AGL, respectively. The sonics measured the three-
dimensional wind velocity (these data are not considered here) and the air temperature1 with a
sensitivity of 0.01 K and at a sampling frequency of about 30 Hz. The data streams from the two
sonics, which were not synchronized to each other, were time-stamped by a datalogger (Behn et al.,
2008), and we synchronized the two time series after the fact by interpolating them on an equidistant
20-Hz time grid. This enabled us to compute a time series of instantaneous, spatial temperature
differences (for a vertical separation of 70 cm) centered at the height of the two propagation paths.

The surface pressure was retrieved from NOAA’s BAO website. It was 839 hPa during the experi-
ment.

1To be precise, a sonic measures the virtual, not the actual, air temperature, but because we consider only temporal
fluctuations of spatial temperature differences here, we can neglect this subtlety.
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Four “sonics”

mounted on a portable tower,

crossed-beam experiment,

BAO, April 11, 2014



Test-light array (TLA),

crossed-beam experiment, 

BAO, April 11, 2014



Two TLAs (lateral spacing 5 m),

set up for the crossed-beam experiment on April 11, 2014 



Two telescopes (14 inch aperture),

set up for the crossed-beam experiment on April 11, 2014 
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tion of the spectra. The noise, Snoise was added to the Clif-
ford model to take into account the noise floor of the
observed frequency spectra. Thus, the variables for the
optimization are Cn

2, ṽb, and Snoise. A MATLAB function,
fminsearch, was used for the least-squares optimization.
To define the frequency range for the optimization, we
multiplied f+5/3 times the spectrum so that the spectrum
is proportional to f+1 and f−1 for the low- and high-
frequency portions, respectively, and obtained fm, the fre-
quency for the maximum of the f+1/ f−1 representation. We
specified the beginning frequency, f1 for the optimization
as fm /M, and M=9 was chosen to obtain the minimum
rms difference between the transverse wind speed re-
trieved from the frequency spectra and the transverse
wind speed measured by the sonic (discussed further in
Section 5). The end frequency fN was specified as the Ny-
quist frequency.

C. Calibration of Transverse Wind Speed
Let us designate fk=0.39ṽb /b as the knee frequency re-
trieved from the spectrum of AOA fluctuations and vb as
the time-averaged transverse wind speed measured by
the sonic. To calibrate the transverse wind speed, we com-
pared fk with vb by plotting a scatter plot and obtained a
calibration line, fk=p1vb+p0, by interpolating the data
set. The y intercept, p0 (zero-mean wind offset, ideally
p0=0) was added to account for the fluctuations of the
transverse mean wind speed. To eliminate the effect of
outliers on the calibration, we calculated the standard de-
viation, �d of the distance between each data point and
the calibration line and removed the data outside the
bound of ±2�d. Then, we calculated a new calibration line,
and the transverse wind speed can be calibrated as

vaoa
c =

bfk/0.39 − p0

p1
. �31�

5. RESULTS AND DISCUSSION
As mentioned in Section 3, four krypton flashlight bulbs
(two bottom lights and two top lights) were used as
sources. In this paper, only the AOAs and the frequency
spectra of AOA fluctuations from the bottom lights (as
viewed from the telescope) were analyzed. Analysis for
multiple lights will be the subject of future work.

A. Angle-of-Arrival
Figure 3 shows an image of the four lights measured at
21:00:10 LT (local time), September 27, 2006. The inten-
sity of light in the image is linear in scale, and the maxi-
mum value of the intensity is 1529 ADU (analog-to-digital
unit) at a pixel location (horizontal, vertical) of (177, 374),
which corresponds to the bottom left-hand light. The
mean of the intensity over the entire image is 3.3 ADU,
and the intensity of the background is in the range of 0 to
15 ADU. The ratio of the maximum intensity of the light
with the maximum intensity of the background is 46 dB.
Figure 4 shows 20 images of the bottom left-hand light,
each with a size of 51�51 in pixel number. The intensity
fluctuations and blurring of the light images are evident.

The centroids for the horizontal and vertical directions
(in pixel number) were obtained, and the horizontal and
vertical AOAs, �̄y and �̄z, of the bottom left-hand light
were calculated as discussed previously. Figure 5 shows
the AOAs for (a) the horizontal direction and (b) the ver-
tical direction for the bottom left-hand light measured on
September 27, 2006. The means are subtracted for both
directions. The standard deviations for �̄y and �̄z are 5.44
and 27.49 
rad, respectively.

At night, it can be assumed that the atmosphere is
stratified parallel to the ground and that the vertical tem-
perature gradient is dominant compared with the hori-
zontal. Furthermore, the temperature near the ground
decreases more rapidly than that at a certain height, and

Fig. 3. Image of four lights measured at 21:00:10 LT, September 27, 2006.

Cheon et al. Vol. 24, No. 11 /November 2007 /J. Opt. Soc. Am. A 3485



Fig. 5. AOA time series for (a) the horizontal direction and (b) the vertical direction of the bottom left-hand light measured on Septem-
ber 27, 2006.

Fig. 4. Sequence of subimages (51�51 pixels) of the bottom left-hand light, measured at 21:00:10.9–21:00:11.6 LT, September 27, 2006.
The first row, first column is the first image, the first row, fourth column is the fourth image.
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Retrieval of temporal dT/dz fluctuations 
 
 



Basic theory of refraction

Optical refractive index of air:

n = 1 + a
p

T
, (1)

where a = constant = 7.9 · 10−7KPa−1, p = air pressure, T = air temperature.

Vertical component of the angle-of-arrival if source and telescope are at the same
height (from eikonal equation):

α = −∆α

2
=

1

2

∫ L

0

∂n(x, z)

∂z
dx, (2)

where ∆α = total refraction, x = path coordinate, z = vertical coordinate,
L = path length.

Hydrostatic equation and ideal gas equation:
∂p

∂z
= −ρg = − p

RaT
g, (3)

where ρ = air density, g = acceleration due to gravity, Ra = 287 J kg−1K−1 = gas
constant for (dry) air.
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Basic theory of refraction (cont’d)

Insert (1) and (3) into (2) to get the AOA in terms of the path average of the
vertical temperature gradient γ = ∂T

∂z :

α =
aL

2

p

T 2

(
g

Ra
+ γ

)
. (4)

Sensitivity of AOA with respect to γ:

s =
∂α

∂γ
=

aL

2

p

T 2
. (5)

In our case (night of 14/15 August, 2012): p = 839 hPa, T = 288 K and L = 174 m,
such that

s = 73
µrad

Km−1
=

1µrad

0.014 K
m

. (6)
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Theory: C2
n and C2

T

Structure function of a turbulent refractive-index field:

Dn(x, r) = ⟨[n(x + r)− n(x)]2⟩, (1)

where x = location and r = spatial separation

Homogeneous turbulence: Dn(x, r) is independent of x.
Isotropic turbulence: Dn(x, r) is independent of r.
Homogeneous and isotropic turbulence: Dn(x, r) depends only on r = |r|.
Homogeneous and isotropic turbulence in the inertial subrange (Obukhov 1949):

Dn(r) = C2
nr

2/3, (2)

where C2
n is the refractive-index structure parameter. For dry air, where

n = 1 + a
p

T
, (3)

we have

DT (x, r) = ⟨[T (x + r)− T (x)]2⟩ = a2
p2

T 4
⟨[n(x + r)− n(x)]2⟩, (4)

such that for inertial-range turbulence the temperature structure parameter is

C2
T = a2

p2

T 4
C2

n. (5)
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For optical turbulence in the inertial subrange, the variance of the vertical AOA
fluctuations, σ2

α, is equal to the variance of the horizontal AOA fluctuations, σ2
β:

σ2
α = σ2

β. (6)

By means of geometrical optics, we obtain for a spherical wave propagating through
inertial-range turbulence and received with a circular aperture:

σ2
α = σ2

β = 1.064LD−1/3C2
n, (7)

where L = propagation path length and D = telescope’s aperture diameter.
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Basic theory of the AOA spectrum

Assumptions:

• Homogeneous and isotropic inertial-range turbulence in the temperature field

• Taylor’s frozen-turbulence hypothesis valid, constant baseline wind speed vb

• Spherical wave emitted from point source

• Two-point interferometer with baseline length b

• Geometrical optics (frequency f much lower than Fresnel frequency vb/
√
Lλ)

Clifford (J. Opt. Am. Soc. A, 1971)
and Cheon, Hohreiter, Behn, and Muschinski (J. Opt. Am. Soc. A, 2007) predict:

Sβ(f ) =
24/3

9π7/6Γ(5/6)
C2

nv
5/3
b Lb−2f−8/3

[
1− sin(2πbf/vb)

2πbf/vb

]
, (1)

where C2
n = refractive-index structure parameter,

L = path length,
f = frequency,
β = horizontal AOA (fluctuation).

1



Two special cases

High frequencies, f ≫ vb/b (aperture filtering):

Sβ(f ) =
24/3

9π7/6Γ(5/6)
C2

nv
5/3
b Lb−2f−8/3. (2)

Low frequencies, f ≪ vb/b (no aperture filtering):

Sβ(f ) =
27/3

27π1/6Γ(11/6)
C2

nv
−1/3
b Lf−2/3. (3)

“Knee frequency” (frequency of intersection of the asymptotes):

vk =

√
6

2π

vb
b
= 0.39

vb
b
. (4)
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fields observed with spaced antennas. The beam-
transverse horizontal wind velocity, vt, is propor-
tional to the SZL,

vt;SZL � γSZL
∂Cβ1β2�τ�

∂τ

����
τ�0

; (12)

where the coefficient γSZL is not dimensionless. As in
the TDP case, we “calibrated” γSZL by means of the
reference wind measurements obtained from sonics
on Tower 1. To obtain the sonic-measured vt, 10 s
averages of the path-transverse component of the
wind vector from the desired sonic levels were used.
It is well known (Businger et al. [17]) that in the at-
mospheric surface layer, the horizontal wind velocity
does not vary linearly with height. In our case, how-
ever, the vertical spacing of the sonics (68 cm) was
small compared to the height of the propagation path
(1.77 m AGL), and we found that a linear interpola-
tion between the two sonics at 1.45 and 2.13 m AGL
was sufficiently accurate.

5. Results And Discussion

In this section, we present and discuss results ob-
tained for the TDP estimator and the SZL estimator,
respectively. Of the four lights in the LED array, hor-
izontal AOA signals from the lower two lights were
used in our analyses.

A. Angle-of-Arrival (AOA)

Figure 3 shows a 1 h long segment of 10 s averages of
β1 and α1, the horizontal and vertical AOAs, respec-
tively, from the lower left light of the LED array.
Mean values have been removed for both the signals.
As seen from Fig. 3, variations of a much larger scale
were observed for α1 as compared to β1, which was
also quantified numerically by their standard devia-
tions, which were found to be 177.2 and 25.7 μrad,
respectively. This can be explained as follows. During
a calm night under clear skies, the temperature field
near the ground is horizontally stratified. This leads
to a larger correlation length for turbulent eddies in

the horizontal direction as compared to the vertical
direction. Hence, refractive-index variations tend to
dominate over much smaller spatial (and time)
scales in the vertical direction, leading to larger var-
iations in α1 as compared to those in β1. This effect is
further heightened by the fact that close to the
ground, the temperature gradient is the strongest
(due to the rapid cooling of the ground at night)
and hence, due to the sharper ray bending in the ver-
tical plane, the peak-to-peak variations in α1 are
much larger than those in β1.

During the experiment, westerly winds prevailed.
This caused fluctuations in β2 to occur after a slight
delay with respect to those of β1, as shown in Fig. 4.

Figure 5 shows an example of the AOA cross-cor-
relation function between β1 and β2, estimated from a
10 s long segment. Consistent with our observation
in Fig. 4, the peak of the AOA cross-correlation func-
tion is delayed, which is a result of the finite time of
advection for turbulent eddies across the partially
overlapping propagation cones. As described in
Subsection 4.B, the TDP was obtained by finding
the maximum of a parabolic curve (the solid curve
around the peak in Fig. 5) that approximated the
AOA cross-correlation function around its peak. Also
shown in the same figure is the tangent to the AOA
cross-correlation function at τ � 0, the slope of which
yields the SZL wind estimator. The cross-correlation
at the peak is quite high, about 0.8, which means
that Taylor’s frozen-turbulence hypothesis is a rea-
sonable approximation in this specific case.

B. Optical Wind Estimates Using the TDP Estimator

To obtain wind velocities using the TDP estimator,
Eq. (11) was used. γTDP, the constant of proportional-
ity in this equation, was obtained by a calibration
process as described in Subsection 4.C. We found
γTDP to be 0.38, a value less than 0.5, which we ex-
pected if overlapping of the two ray cones could be
neglected; see Subsection 4.C. In our case, however,
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the ray cones overlapped significantly in the section
of the propagation path close to the telescope, and
this caused the path weighting for the AOA cross-
correlation function to increase towards the tele-
scope. Hence, the section of the propagation path
where the distance between the axes of the two
ray cones was smaller than d ∕ 2, was lent more
weight. This explains our observation of γTDP being
less than 0.5.

Figure 6 shows the time series of 10 s estimates of
vt;TDP and of 10 s averages of vt measured with sonics
on Tower 1. The two time series track each other
quite well, even though the optically retrieved vt
are (weighted) path averages over 182 m while the

sonic data are point measurements. The average cor-
relation coefficient between the optically estimated
and the sonic-measured wind velocities over the five
segments was found to be 0.93.

The scatter plot shown in Fig. 7 reveals the inabil-
ity of the TDP method to measure very low trans-
verse winds. This was expected because large time
delays (which correspond to small vt values) invali-
date the applicability of Taylor’s frozen-turbulence
hypothesis. In order to avoid generating meaningless
velocity estimates, a limit was placed on the maxi-
mum time lag between β1 and β2 as �2 s. Hence,
vt values that produce lags greater than �2 s to
the AOA cross-correlation peak were automatically
discarded, which caused the void of vt;TDP values
around 0 ms−1. Velocity statistics for all of the five
segments recorded are presented in Table 1. The
rows represent three statistics: standard deviations
of the sonic-measured and optically estimated wind
velocities (σsonic and σTDP, respectively), and the rms
difference (σdiff ) between them.

C. Optical Wind Estimates Using the SZL Estimator

Corresponding to Fig. 6, Fig. 8 shows time series of
optically retrieved (now by using the of SZL estima-
tor) and sonic-measured vt, again averaged over 10 s.
Prior to computing the optical retrievals of vt, the
constant of proportionality, γSZL in Eq. (12), was ob-
tained as 0.281 m via calibration. The correlation
coefficient between the two time series was 0.86.

Figure 9 is a scatter plot of the data shown in Fig. 8.
Unlike Fig. 7, Fig. 9 shows no data gap around zero
wind velocity. This is to be expected as the SZL esti-
mator does not rely on the validity of Taylor’s hypoth-
esis at (in the case of low wind speeds) large τp
values. Instead, it relies only on properties of the
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Fig. 6. Time series of optical retrievals (dotted line) and sonic measurements (solid line) of the beam-transverse component of the wind
velocity. Both time series show 10 s estimates at the height of the propagation path (1.77 m AGL). While the optical measurements re-
present (nonuniformly weighted) path averages along the 182 m long propagation path, the sonic measurements represent averages of the
outputs from the two lowermost sonics (1.45 and 2.13 m AGL) mounted on Tower 1, located 47 m away from the telescope. The optical
estimates were obtained by using the TDP estimator.
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the ray cones overlapped significantly in the section
of the propagation path close to the telescope, and
this caused the path weighting for the AOA cross-
correlation function to increase towards the tele-
scope. Hence, the section of the propagation path
where the distance between the axes of the two
ray cones was smaller than d ∕ 2, was lent more
weight. This explains our observation of γTDP being
less than 0.5.

Figure 6 shows the time series of 10 s estimates of
vt;TDP and of 10 s averages of vt measured with sonics
on Tower 1. The two time series track each other
quite well, even though the optically retrieved vt
are (weighted) path averages over 182 m while the

sonic data are point measurements. The average cor-
relation coefficient between the optically estimated
and the sonic-measured wind velocities over the five
segments was found to be 0.93.

The scatter plot shown in Fig. 7 reveals the inabil-
ity of the TDP method to measure very low trans-
verse winds. This was expected because large time
delays (which correspond to small vt values) invali-
date the applicability of Taylor’s frozen-turbulence
hypothesis. In order to avoid generating meaningless
velocity estimates, a limit was placed on the maxi-
mum time lag between β1 and β2 as �2 s. Hence,
vt values that produce lags greater than �2 s to
the AOA cross-correlation peak were automatically
discarded, which caused the void of vt;TDP values
around 0 ms−1. Velocity statistics for all of the five
segments recorded are presented in Table 1. The
rows represent three statistics: standard deviations
of the sonic-measured and optically estimated wind
velocities (σsonic and σTDP, respectively), and the rms
difference (σdiff ) between them.

C. Optical Wind Estimates Using the SZL Estimator

Corresponding to Fig. 6, Fig. 8 shows time series of
optically retrieved (now by using the of SZL estima-
tor) and sonic-measured vt, again averaged over 10 s.
Prior to computing the optical retrievals of vt, the
constant of proportionality, γSZL in Eq. (12), was ob-
tained as 0.281 m via calibration. The correlation
coefficient between the two time series was 0.86.

Figure 9 is a scatter plot of the data shown in Fig. 8.
Unlike Fig. 7, Fig. 9 shows no data gap around zero
wind velocity. This is to be expected as the SZL esti-
mator does not rely on the validity of Taylor’s hypoth-
esis at (in the case of low wind speeds) large τp
values. Instead, it relies only on properties of the
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Fig. 5. The AOA cross-correlation function between β1 and β2.
The TDP, τp, was obtained by finding the maximum of the para-
bolic approximation (solid curve around the AOA cross-correlation
peak) of the AOA cross-correlation function around the peak. The
SZL was obtained by finding the slope of the tangent (solid line
around τ � 0) by approximating the AOA cross-correlation func-
tion around zero lag with a third-degree polynomial.
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Fig. 6. Time series of optical retrievals (dotted line) and sonic measurements (solid line) of the beam-transverse component of the wind
velocity. Both time series show 10 s estimates at the height of the propagation path (1.77 m AGL). While the optical measurements re-
present (nonuniformly weighted) path averages along the 182 m long propagation path, the sonic measurements represent averages of the
outputs from the two lowermost sonics (1.45 and 2.13 m AGL) mounted on Tower 1, located 47 m away from the telescope. The optical
estimates were obtained by using the TDP estimator.
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Summary and conclusions 
 

 Our propagation testbed enables us to quantitatively test hypotheses 
and approximations about optical propagation through the turbulent 
atmosphere 
 

 Aperture-averaged AOAs (vertical and lateral) and irradiances 
contain valuable information about turbulent and non-turbulent 
characteristics in the atmospheric wind and refractive-index fields.  

 
 

Future work 

 

 Investigate propagation scenarios involving longer ranges and 
multiple paths (multiple source/receiver combinations)  
 

 Investigate effects of turbulent fluctuations of aerosol concentrations 
on long-range AOA and irradiance measurements. 




